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Abstract

Lecture notes on Path Integrals, suitable for an undergraduate course
with prerequisites such as: Classical Mechanics, Electromagnetism and
Quantum Mechanics. The aim is to provide the reader, who is famil-
iar with the major concepts of Solid State Physics, to study these topics
couched in the language of path integrals. We endeavor to keep the for-
malism to the bare minimum.
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1 Introduction

If you are familiar with some of the major concepts of Solid State Physics, but
want to dive into modern topics using the language of Quantum Field Theory
these notes are for you. As stated in the subtitle, the notes are only a tool-
box and not a complete set of lecture notes. Therefore they are actually a sort
of manual, as required for any box containing moderately complex tools. It
is a common phenomenon, that students often have problems with the math-
ematical techniques and the notes are supposed to address this and only this
issue. We have endeavored to keep them as short as possible, refraining e.g.
to include many references, so that the student may dive into the tricks of the
trade without distraction. As such the notes are like a skeleton onto which the
instructor /student is supposed to attach the flesh.

The material was used in a one-semester, four hours per week, undergraduate
course in our institute. Prerequisites being mainly Classical, Statistical and
Quantum Mechanics. After digesting the material, you should be able to read
books like [6], [7] etc. Of course all these books also present the mathematical
techniques we discuss, but the exposition is often incomplete or too complete.

Our journey starts with Gaussian integrals in section 2, since these are es-
sentially the only integrals we need to set up the path-integrals used below. Sec-
tions 2.4 and 2.5 on stochastic processes are not prerequisites for the subsequent
material, but are included to highlight the unity of the mathematical structure.
We introduce path-integrals in section 3, generalizing the Gaussian processes
of section 2.2 from the 3-dimensional euclidean space to four dimensions. Upon
analytic continuation in the time variable, we obtain a relativistically invariant
theory in Minkowski-space in section 3.3 and show that this theory is identical
to the one obtained using the operator-quantum-field-theory formalism. This is
too good a bonus to leave out, although our subsequent models are mainly non-
relativistic. This formalism is extended to interacting theories in section 3.5,
where we also introduce integrals over fermionic variables. Section 4 rewrites
quantum mechanical expectation values as path-integrals and section 5 uses
this to express statistical mechanics in the path-integral formalism. Finally
section 6 presents models for ferro-magnetism and superconductivity with em-
phasis on spontaneous symmetry breaking.

The only possibly new result is the behavior of the order-parameter near
criticality within the BCS-model Equ.(354). I added pointers, indicated as ~-,
which should help you brush up on the physical underpinnings of the math used.
To get a flavor of Feynman’s original thoughts, you may look at Feynman &
Hibbs[1].

2 Gaussian Integrals and Gaussian Processes

Gaussian integrals are the basic building blocks for the subsequent material.



2.1 Gaussian Intlegrals in n dimensions

Let us start with the basic 1-dimensional integral®
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For complex a the integral may be defined by analytic continuation. For this
to be possible a needs a positive real part for the integral to be convergent.
Complete the square in the exponential to get
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and use the derivative-trick to integrate powers of x

_ > n_—az?/2—bx _ > ﬁ —ax?/2—bx
Iy, (a,b) = dzz™e = d:r:abne

— 00

- 27'(' 871 b2/2a
=4/ T ) (3)

Here we may set b = 0 after taking derivatives to obtain Iy, (a,0).
The generalization to n dimensions is straightforward. z becomes a vector
r = [21, %2, ...7,] € R™ and the exponent az?/2 + bz is replaced by
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with A a symmetric, positive matrix and b € R"™ an auxiliary vector. It is
convenient to introduce the inner product notation

1
Qz) =5 Alz)+(b]2) ()
The minimum of Q(x) is at # = —A~'b. We thus have
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with 1
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After shifting x — z — x, we have to compute the integral

/ Dage™2 Zii=1 vidii®  Dr = d"x, (8)

n case you forgot, recall I3, = [°7_ da:dye’“(12+y2)/2 = f0277 do [ %dT’Qea’TQ/Q etc.



which is invariant under unitary transformations U or orthogonal transforma-
tions for real matrices. We therefore change to a new basis {z} — {z = Uz},
which diagonalises the matrix A. A being diagonal, the integral [ D™z becomes
a product of n integrals ~ fdziefzf‘ii = /2w /a;, where @; is an eigenvalue of
1A. This yields

/ " Drem 1AL _ [T2r/a:)'/? = (2m)"/?(det A)=1/2. (9)

%

Here we wrote the product of the eigenvalues as a determinant. Since the
determinant is invariant under orthogonal transformations, the result holds true
in the original basis {z}.

Thus we obtain

(oo}
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— 00
It will be convenient to include the determinant in the exponential as
(det A)~1/2 = g=1/2Imdet A

Using the identity? Indet A = TrIn A, where the trace operation instructs us
to sum over the diagonal elements, we get

/' Dae—3@lAl)~0le) _ (97)n/203[01A7 D)= Trin 4] (11)
Using
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we conveniently compute integrals with a polynomial P(x) in the integrand as

/DmP(x)e_Q(”) = /DxP[%]e_Q(“’) :P[%]/Dxe_Q(m)

= (20)"/*(det A)2P() (6301 (13)

For example

I{x;) = / Dazie™ 24 = (27)/2(det A) "2 A7 b; [, —o= 0 (14)

and
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A7) [h—o= A} = A (15)

2This is easy to verify in a base, where A is diagonal. Functions with matrix entries, such
as log A,exp A, are defined by their power series expansions and we gloss over questions of
convergence.



Exercise 2.1
Show that all Gaussian means with even powers of (x1,xo,...,x,), n =1,2,3..
can be expressed in terms of one mean (z,x;) only.

2.2 Gaussian Processes

A deterministic process X may be the evolution of a dynamical system described
by Newton’s laws like the trajectory of a point particle X = z(¢), i.e. at each
time the particle has a precise position.

In a stochastic process® ¢ we would allow the position of the particle to be
random, i.e. at each time we have ¢ = f(X,t), where X is a stochastic vari-
able chosen from some probability density P(x). There are now many possible
trajectories for the particle and we can compute a mean over all of them as

(a®) = [ fa.0P)d. (16)

We will study systems described by a variable ¢(t), or many variables g;(t), with
P(z) a Gaussian distribution.

If the process is Gaussian, we may define it either by its probability distribu-
tion, as any stochastic process, or by its two correlation functions: the one-point
function

(q(t)) =0, (17)
set to zero for simplicity? and the two-point function
(q(t1)q(t2)) = g(ta,t2). (18)

Here g(t1,t2) may be regarded as an infinite, positively defined matrix, since t;
and to may assume any real values®. Yet if we want this process to represent
a physically realizable one, such as a one-dimensional random walk, the time
variables have to satisfy the following obvious ordering

t <t (19)

For a Gaussian process all other N-point functions can be expressed in terms
of the one- and two-point functions.

Supposing the process to be time-translationally invariant, the two-point
function satisfies

g(t,ta) = g(ta — t1). (20)

3See [3], IT1.4 for a detailed definition.
4Otherwise just consider the process ¢ — (g(t)).
5We use the letter g, since this function will become a Green function.




We now verify that the probability distribution is given in terms of the two-
point function as:

1 . -1
Plq(t)] = E o3 Ja(t2)g™ " (ta—t1)q(t1)dtrdt> (21)

Here g~ 1(t1,t2) is the inverse of the matrix g(t,t2), defined as

/dtg(tht)g_l(t,tz) = /dtg_l(tht)g(t,tz) =0(t1 — t2). (22)

The factor Z is responsible for the correct normalization of Plg(t)]:
1 _a -1
DQPlq(t)] = da(t) = e~z Ja(t)g™ (ti—t2)q(t2)dtrdts _ 9
/ QP[q(t)] /ltl q(t) e (23)

The distribution P[q(t)] is a functional, since it depends on the function ¢(t).
In order to perform explicit computations, like the normalization factor Z, we
will discretize the continuous time variable in the next section. This will turn
the functional into a function of many variables.

2.3 Discretizing and taking the limit N — oo

To make sense of integrals over in infinite number of integration variables, we
have to discretise our continuous time axis as

t—1

with ¢ = 1,2.., N. Thus ¢ becomes an integer index and ¢(¢) an N-dimensional
matrix 0
q t - Qi
. 24
g(ti —t2) — g(i,j) = gi—y- (24)
The integral in Equ.(23) is now approximated by an integral over the N variables
q; as

/DQP[Q(??)] ~ /dqldQQ~--dQN67% Zis=r 4™ (1=9)a) (25)
After effecting the matrix computations, we will take the continuum limit
N
1:[ dg(t) = DQ = lim T]dg: (26)
The exponent becomes
1 1
L —1 . — L A DT .
5 [ att)g™ -~ taattinnde = Jim 3 a0y~ (1)



yielding for Equ.(21)

N
1 1 DN
P[q(t)] = lim H dqlE e 2 Zf\,]j:1 q(i)g 1(®*J)‘1(J)7 (28)

N—o00 +.
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where Zy is the normalization factor for finite N. Again it is convenient to
introduce the auxiliary vector b to compute correlation functions as derivatives

Bl?(i) applied to

N
1 g L
Pylg(t)] = lim H inE e 3 i1 4@g T (i=9)a() =L, b()a(i) (29)

N—oc0 +-
i

The correct 2-point function can be read off Equ.(15), yielding Equ.(18),
albeit for finite N, with

Zn = (2m)N/2(det g)/2. (30)
Let us verify in detail, that Equs.(17) e (18) follow from Equ.(21), when we

take the limit N — oco. Equ.(17) is trivially true, since Gaussian integrals of
odd powers are zero. Now compute {g(t1)q(t2)) in two steps.

1. Calculate first the exponent in Equ.(21), i.e.

/Q(tz)g_l(tz —t1)q(t1)dtidty = (glg™V]q), (31)

directly in the continuum limit. Due to translational invariance the Fourier-
transform (FT)6

q(t) = /OO dwe™ " §(w), dw = d—w (32)

oo 2T

is the road to take.

The exponent is
/Q(t2)9_1(t2 —t1)q(t1)dt1dty = /CZM6560265(«036_“‘“&G_ZWZ(tZ_tl)e_w?’t1

G(w1)d(w2)d(ws)g " (wa)dt1dts

= /JW1JWQJW32W5(W1 + wo)d (w2 — w3)G(w1)G(ws)g ™t (w2)

- / dw | () 2 5 (w). (33)

G(w) are complex variables satisfying ¢(w) = ¢*(—w), since ¢(t) is real.

6This is the orthogonal transformation mentioned to get Equ.(9).



g(.) depends only on the difference ¢; — t5. Therefore g is a function of
one variable only. Since § is a diagonal matrix’, we get for its inverse

—_

g w) = : (34)

The diagonal matrix g(w) does not couple variables with different w’s,
therefore the ¢(w) are independent random variables with probability
distribution given by

= G ld@)?
Plg(w)] = 7° 1/2 [ dw!Za= )

2. Let us compute the correlation function
1 1
(q(t1)q(t2)) = /DQ ~q(ta) - q(t2) 2671/2&1@2)9 (t2=t1)q(t1)dtrdb (36)

We discretize as Equ.(24), but now in Fourier space. Instead of continuous
variables ¢(w), due to the discretization we now have discrete variables g,
where a is an integer index

q(w) = Gas A(W') = G-

Thus we get
(@()a(W)) = (Gads) =
1. L TT —1/2300 N @k gk
k=—N
1 N ~x 1 =~
B ZNhinoo{kHN/dﬁkdadbe_mq’“%q’“}, (37)

Here we used that the Jacobian t — w equals unity and replaced the sum
ZszfN in the exponent by the product HsziN.

Since [~ ame=dy = 0 (n = odd) we get a non-zero result only if
~ ~ oo ~ ~

da = g—b O Gb = g—aqa*

(GaG-v) = [(G-a®)]" =

N

1 ~ ~ _ ~ 12 /= . - _ ~ 12/~
Z[/an |qa|2e 1/213al*/Ga ]ngnooucll_#[ [/qu e 1/2|qk|*/gr ]

"Such as A(i,j) = a(i — §)3;,;.



Performing the Gaussian integrals® yields

) V/2 N
B (g g0) « ([Tl

k#a
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k=—N

= lim
N —o00 ZN

Here we encounter our first Jgroblem with the continuum limit. The infi-
nite product limy_o0 []}, -

Yet performing the same computation without the factors ¢,G_p, we com-
pute Z as
Z = lim (21)N/?(det )1/ (39)

N—oco

in agreement with Equ.(30). This factor guarantees the equality
[ Plawivg =1~ [ Pawing (10)

with DQ = dq1dqs....dgyx and cancels out in the correlation function,
leaving a finite result.

We are left only with the factor g, in Equ.(38) and therefore get

<(jaq~—a> = ga (41)

or
<qaq—b> = 6a,b§a~ (42)

The continuum limit results in
(G(w)q(~w")) = d(w — w)g(w). (43)

Using ¢(—w) = ¢*(w), since ¢(¢) is real, we get its FT as

(q(t1)q(t2)) :/leDwze_Z(wltlﬂth)@(Wl)@(wz))

= /lee_“"l(trtl)g(wl) = g(ta — t1). (44)

8§ = 2 + 1y is a complex number. The reality of q(t) implies § = G* 4, so that we do
not double the number of degrees of freedom, even though k runs over positive and negative
values. Since only half of the degrees of freedom of ¢ are independent, we integrate as Dg(w) =

2
For a complex variable this results in que’cmz = fdxefcmzfdyefc‘y‘z =
clal? Colel2 2 2
[ /%]Q,fx2dqe clal® = fy2dge—cldl zﬁyﬂqﬁdqe clal :c%’f‘Jque elal® = 0.




We realize that the two-point function is the inverse of the function, which
couples the variables in the exponent of the Gaussian distribution Equ.(21).
Using Equ.(13) we obtain the n-point functions as

abl ...3bn [e% <b\.’7\b>}
3 (blglb)

{a(t1)q(t2).-q(tn)) =

lb=0 - (45)

Exercise 2.2

Show that all the n-point functions can be expressed in terms of the one- and
two-point functions, if the process is Gaussian.

Exercise 2.3

Using a dice, propose a protocol to measure the correlation function {(q(¢1)gq(t2)).
What do you expect to get? Perform a computer experiment to compute this
2-point function. Can you impose some correlations without spoiling time-
translation invariance?

Exercise 2.4 (The law of Large Numbers)

In an experiment O an event &£ is given by

PE)=p, P)=1-p=gq.

Repeating the experiment n times, the probability of obtaining £ k times is

pu(k) = (Z)p’“q""“,

assuming the events £ to be independent. Show that

1
<n>pkq”k ~ e T g s 1,

k V2mnpq

Verify the weak law of large numbers
k
P{|——p|<e} > 1lasn— .
n

The strong law of large numbers states that the above is even true a.e. (a.e.==almost
everywhere).

What is the difference between the weak and strong laws? For a delightful dis-
cussion of these non-trivial issues see [2], pg.18, Example 4.

Exercise 2.5 (The Herschel-Maxwell distribution)

Suppose that a joint probability distribution p(z,y) satisfies (Herschel 1850)

1 - p(z,y)dzdy = p(x)dzp(y)dy

2 - p(x,y)dxdy = g(r,0)rdrdd with g(r,0) = g(r).

Show that this distribution is Gaussian.

Exercise 2.6 (Maximum entropy)

Show that the Gaussian distribution has maximum entropy S = —>, p;Inp;
for a given mean and variance.




2.4 *The Ornstein-Uhlenbeck process

We define the Ornstein-Uhlenbeck process as a Gaussian process with one-
point function (g(¢)) = 0 and two-point correlation function as

(at)g(tz)) = e 71271 = k(r) (46)

with to —t; =7 > 0. 7o, = 1/7 is a characteristic relaxation time.

This process was constructed to describe the stochastic behavior of the
velocity of particles in Brownian motion. It is stationary, since it depends
only on the time difference®

(q(t1)q(t2)) = (q(t1 + T)q(t2 + 7)).

Write the probability distribution P[gs, q1] to observe ¢ at instant ¢; and at
instant to as Plga, q1] = Plq(t1), q(t2). It is convenient to condition this distri-
bution on g1, decomposing it as

Plg2, 1] = T [g2]|q1] Plaa]- (47)

Here P[q1]is the probability to observe q at time t1 and T-(gz2|q1) is the transition
probability to observe qo at instant to given q1 at instant t; with 7 =t —t; > 0.
Note that T (g2|q1) does not depend on the two times, but only on the time
difference 7.

The Gaussian distribution Pge, ¢1], which depends only on two indices
[t1,t2] — [4, 4], is of the form

Plgo, 1] ~ e~ Zig=1 6i4is0s
To obtain the matrix A, we insert Equ.(46) into Equ.(15) to get
K(T) = A = Ay (48)
In the limit ¢t — ¢; we have x(0) = 1, implying
(la7)) = A5y = {a3l) = Az =1,

i.e

A1_11 = A2_21 =1 (49)

A‘lz(i ’f) (50)

A:l_lmz(_lm 1”). (51)

91t is the only Gaussian, stationary, markovian process (Doob’s Theorem). For markovian
see Equ.(55).

The matrix A~! is therefore

with the inverse

10



Requiring the correct normalization

/ Plos, qildgrdgs = 1. (52)
we get
1
Plgp.qi] = ———
g2, ] 2rvdet A

To compute P[q1] and T [g2]q1], note that we may factor the exponential in
Equ.(53) as follows

e (a2.a1lAlaz,q1) (53)

2 2
_ 43 —2ra2q1+4] _ (ag—rap)?

e—%<q27q1|AIQ27¢I1> —e 2(1-r2) — e 201—r?) e—%qi
allowing us to identify
1 12

Pla) = —Z=e 4%, [anPla) =1 (54)
and

T olar) = e R (55)

T =——— ¢ 20,
42|91 21— )
You may verify that
[ Trlalalde =1, [ gl Plada = Pl (56)

Since all other correlation functions can be reconstructed from P[¢;] and T [g2]q1],
the Ornstein-Uhlenbeck process is Markovian. For example, taking t3 > t5 > t1,

Plgs,q2,q1] = Plgs|q2, 1] Pla2, 1] = Ty [q3|q2] T [g2]q1) Plai ]

with 7/ = 73 — 75. Here we used the fact that the transition probability depends
only on one previous time-variable, i.e. Plgs|q2, ¢1] = Plgs]q2]-

We now model the velocity distribution of Brownian particles at temperature
T introducing the velocity V' (¢) of a particle as

at) =\ oV (). (57)

Noticing that Plg]dg = P[V]dV, this results in the correct Maxwell-Boltzmann
distribution at the initial time ¢t = ¢;

m m V12

T 2kgT ) P =1.
e e with / AV, P[Vi] (58)

P[] =

The transition probability becomes

m _ k7nT (VQ*"V21)2
T;[Va|Vi] = kg — )¢ (59)

11



The correlation functions are

kgT
—E€

(V(t2)V(tr)) = —l2mh) () = 0. (60)

Exercise 2.7

Generate an Ornstein-Uhlenbeck process and measure the 2-point function using
a random-number generator. Use the Yule-Walker equations. You need only
two equations.

Exercise 2.8

Convince yourself, that the transition probability T;[Va|Va] satisfies

1il>r%)TT[‘/§|V2] = (V2 — W1). (61)

Exercise 2.9
Show that the transition probability P(V,7) = T,[V|Vy] satisfies the Fokker-
Planck equation

oP {8VP kBT82P}. (62

ar ~ "Vav T a2
Exercise 2.10
Using the transition probability 7, [V|Vy] compute the one and two-point cor-
relation functions for a fixed initial velocity Vp, i.e.

PVi] =6(Vi — Vo).

Since the initial distribution is not Gaussian with mean zero, the correlation
functions are only stationary for ¢ > 1/~.

Exercise 2.11

Use Equ.(60) to show that

2kpT
m

(V(t+At) = V() —

YAt as At — 0.

Conclude that V(¢) is not differentiable.

2.5 *Brownian Motion X(t)

Imagine a bunch of identical and independent particles, initially at X = 0 with
the equilibrium velocity distribution given by the Ornstein-Uhlenbeck process
Equ.(58,59). Now define the Brownian process by

X(t) = /O Vit (63)

This equation is understood as an instruction to compute averages (-), since we

have not defined V' (t) by itself.

12



As the sum of Gaussian processes X (t) is also Gaussian'®. The mean van-
ishes, since

(X (1)) = / (V(E)dt' =0 (64)

and the correlation function is

(Xt1)X (t2)) :/Oldt’/ozdt”W(t’)V(t“)). (65)

We get from Equ.(60) for to > t;

(X (t1)X (£ _ ksT / dr’ / dt" eIt =t

To compute the above integral I(t), compute first the integral

i t
t):/ dtl/ dtse 11—l =
0 0
t t1 t 12 2
/ dtl/ dtze”(tl*“w/ dtg/ dtret (7)) = (¢ 4 e — 1),
0 0 v

Now use I (t) to compute I(t) for 0 < t; <ty as

t1 t t b
I2 / dt / dt” —’Y‘t —t’ | / dt/(/ dt// + / dt//>6_,ylt/_t//|
0 0 t

ty
1(t1) / dt’ / dt" et = 1y (t)) + (evtl—l)(e—vtl—e—vtz)
t1

(2%1 —14e M pe2 g V(tr“)).
7

We obtain the correlation function for 0 < ¢; <ty as

(X ()X (t2)) = Z[ml e e ety )}. (66)

Now this Gaussian process is fully specified, since we know the first two corre-
lation functions. But notice that X (t) is neither stationary nor markovian! Yet
for large times
t1>3> 1)y, ta—t1 > 1/y (67)
this process reduces to the markovian Wiener process'! with
QkBT ZkBT
mry my

(W(t)W (t2)) = min(ty, t2) (68)

10Consider two independent Gaussian processes. The probability for the sum Y = X; + Xo
is PY) = [ [Pi(X1)P2(X2)6(X1 + X2 — YV)dX1dX2 = [P1(X1)P2(Y — X1)dX1. This
convolution of two Gaussians is again Gaussian.

11The sample paths of this process, as of the Ornstein-Uhlenbeck process, are very rough:
they are continuous, but nowhere ( almost never) differentiable. In fact from Equ.(69) we
get (W (t+ At) — W(t))g) = 2kBTAt so that the increments AW over a time-interval At

behave as AW ~ v/At. Thus 8% ~ At=1/2, which diverges as At — 0.

13



and nT
W2(t)) = 228" = 2Dt
W) =272 (69)

Here D with dimension [g] is the diffusion coefficient (Einstein 1905)

kT
= 7mfy }

D (70)
This equation says: to reach thermal equilibrium, there has to be a balance
between fluctuations kpT and dissipation m~, i.e. kT ~ mr.

Inspired by Einstein’s paper on Brownian motion, J.B. Perrin measured
(X2(t)) to obtain D and therefore the value of the Boltzmann constant

myD

kp = T

For ~ Einstein used Stoke’s formula v = 67na for a molecule with radius a
immersed in a stationary medium with viscosity 7. From the perfect gas law
pV = RT = NakgT, we know R = Nukp, yielding a value for Avogadro’s
number N4

RT

A= Dy’

(71)
This equation has been verified by Perrin'?. For the measurement of N4 he re-
ceived the Nobel price in 1926. His work provided the nail in the coffin enclosing
the deniers of the existence of atoms: Boltzmann was finally vindicated.

Exercise 2.12
The Ornstein-Uhlenbeck and the Wiener processes are related as

W(t) = V2t V(Int/2v), t > 0. (72)

Verify that v/2tV (Int/27) is also Gaussian and show that Equs.(60) go over into
(W(t)) = 0 and Equ.(68).

Exercise 2.13

Show that the Ornstein-Uhlenbeck transition probability T in Equ.(55) be-
comes the Wiener transition probability

1 _ (a—a0)?
e

@, lim W, [glgo] = 0(q — q0), 73
JiD: lim W-qlqo] = (¢ — 9o0) (73)

when we rescale the variables as follow T, — /8/DT;,q — aq,7 — B1,8 =
2Da? — 0. Show that it satisfies the diffusion equation

WT [q|QO] =

ow, W,
or 7 0¢2

(74)

12For a discussion of this point see ref. [4], pg. 51.

14



Exercise 2.14
V() being the Ornstein-Uhlenbeck process given by Equ.(60), use Equ.(66) for
X (t), show that

(X(t+s)— X(1)?) = ?(e 7 4 ys—1), 5> 0. (75)

Therefore
(X(t+ At) — X(1))?) ~ DyAt?, At — 0. (76)

From its definition, we expect X (¢) to be differentiable (almost everywhere).
This is born out due to the (At)? in Equ.(76), as opposed to the Wiener pro-
cess, in which we have a (At)!. Yet for large ¢, X () goes over into the non-
differentiable Wiener process. Clarify!

Exercise 2.15

For the Langevin approach to Brownian motion see [3], chapt. VIILS.

3 Path Integrals

The integral [ D@ in the correlation function Equ.(36)

{q(t1)q(t2)) = /DQ ~q(t1) - q(t2) Plg(t)] = g(t2 — t1) (77)
with
P[q(t)] = %6_1/2fdth(t?)gil(h—tl)qul)dt2 (78)

is in fact a sum over all trajectories, a path integral. In Fig.1 we show two
possible paths for a discrete time axis and discrete ¢(t). The probability distri-
bution P[q(t)] is a functional, since it depends'3 on a whole function ¢(t).

We define the Generating Function as

1 ‘ - )
Z[j] = E /DQe—l/Zfdtgq(tg)g l(tz—tq)q(z‘,l)({t1+f(1t|_/(f|)q(t|) (79)

and using Equ.(10) to integrate over DQ

Z[j] — 61/2 [ dtzj(tQ)g(tgftl)j(tl)dtl' (80)

Here we chose the normalization factor Z such that Z(j = 0) = 1.

13Notice the difference to section 2.4, where P[q1] there depends only on the real number
q1.
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Figure 1: The integral D@ is discretized into a sum. Summing over all paths
means adding the contribution of possible lines with the proper weight. Here
we show only two paths for discretized time ¢t = 0,1,2,...,20 . The dynamical
variable ¢ is also discretized 0 < ¢(t) < 10.
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Use Equ.(45) with b; replaced by j(t), to obtain the correlation functions

aS14

o
@%%MWDZ@éﬁ%mﬂrm (81)

All correlation functions are actually compositions of the 2-point function g(t)
( See exercise 2.1 ).

3.1 A Gaussian field in one dimension

Consider an Ornstein-Uhlenbeck type process with the correlation function
gtg,tl = g(t2 - tl) = e_‘tQ_tll/T'

Due to the absolute value in the exponent, the correlation function (g(t2)q(t1))
is defined for any time-ordering, although only for ¢; < t5 does it describe the
Brownian motion of particles.

Let us compute the matrix-inverse g;, ,ltl' This will deliver a convenient
operator expression for g~1(t), easily generalizable to higher dimensions.

The Fourier transform g(t) = [ 9e="“!g(w) of g(t) is

oo 0
g(W) :/ dtefzwtft/r+/ dtefzthrt/‘r
0

1 1 2 1
— — = — . 82
—w+1/7 —w-—1/7 TWwW24732 (82)
Since this is a diagonal matrix, the inverse is
~—1 _ T2 —2
O ] (53)
In t-space we get
dw T
-1 _ Y o twwt Do, 2 -2
g (t)—/27re 2(0.2 +779).
Using §(t) = [*°_ e, this results in'®
2
i T d 9
g7 (0 = 3(= 55+ 7)) (34)

14The definition of the functional derivative of the functional F[p(z)], generalizing the index
i in 9/0b; to a continuous variable, is

OFlp@)] _ . Flp@) + eb(z — y)] - Flp()
dply) e ‘ |

Op(z) _
99 (y) o
15This identity is easily shown using 0(t) = [*° dw.e and taking the derivative d/dt

—00 2T 1w-+te
before the limit € | 0.

In particular we have

d(x — y), generalizing the discrete Kronecker d;;.
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We check this equation using partial integration with vanishing boundary terms
and respecting the symmetry g(t) = g(—t)!¢:

/ g (41— Oglt — )

T [ d _ lt—tol/r
_2/;Oodt{(_dt%+7- 2)6(t1—t)}e ‘t t‘/ =
T PV e (t—t2) /7 _ pett—t2)/Ty —
=3 dté(ty —t)( E T ){0(t — t2)e +0(ta —t)e )=
_T _ —2,—|t—ta|/T
5 dtd(tq t){T e

— 00

—(%526 —t2) — %26@ —12)/7 4 Ot — 1) /72 e/

1 1
—(56£(t2 —t) = 520(ts = 1) /7 +6(t> - t)/72)6+<f*t2>/7}
= 5(t1 - t2)a
i.e.

/ dtg~ Y (ty — t)g(t — tz) = 5(t1 — ). (5)

Recognize ¢(t) = gouv(t) as the Green function of the differential operator
Ooult] (also called the resolvent) with Dirichlet boundary conditions at t = oo

= Z - -2
Ooult] = 2( T ) (86)
satisfying!”
Ooultlgt —t') = Z( _ +r gt —t)=6(t—1) (87)
ou|tlg 2 ) a2 g 2 o).

For the physically realizable process the time-variables are restricted to to >
t1. The corresponding retarded Green function

Gtoty = Gta — t1) = e~ E71/T9(1y — 1)) (88)

is the solution of the diffusion equation

Oou(1)ilt) = (75 +1)3(1) = 5(1).

Writing ¢(t) as
g(t) = §(t) + g(—t) = 7/76(t) + */7O(~1). (89)

Up to boundary conditions, this shows this expression to be a one-dimensional
analog of the Feynman propagator - to be introduced below Equ.(133).

16This means in particular,that the singularities generated by d/dt applied to the §-functions
are equally distributed, acquiring each a factor 1/2 to avoid double counting.

17The matrix product is [ dt1 g~ (t—t1)g(t1—t') = [dt1 T (— % +772)8(t—t1)g(t1—t') =
1
5(t —t'), the §(t — t1) eating up the integral to get Equ.(87).
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3.2 GGaussian field in Euclidean 4-dimensional space

Let us extend the path integral formalism to four dimensions. Consider a field
o(x,y, z,t) living in this four-dimensional space and suppose it to be random.
An example could be the surface of a wildly perturbed ocean and the field
o(x,y, z,t) would be the height of the ocean’s surface at point x,y, z at time ¢.
Notice the the height ¢ is a random variable, whereas x, ¥, z,t are coordinates,
which under discretisation become integer indices.

We generalize the 1-dimensional operator in Equ.(86) to four Euclidean di-
mensions [z1, T2, T3, T4], renaming 771 = m

d? _ 0? 02 0? 0?
O/OU(t)E—@-FT 2%——2————2—7+m25—D§+m2.

The one-dimensional field ¢(t) becomes a four-dimensional euclidean field p(x1,z2,x3,4)

q(t) = @(w1, 2, 73, 74) (90)

with a mass-type parameter m. Denote x = [x1, 9, 3, 4] the coordinate in the
four-dimensional euclidean space &4.
Applying the substitution

2

dité + 772 = Op(r) =02 —m? (91)

O'ou(t) =

to Equ.(87), requires the 2-point function Dg(z) of the Euclidean theory to
satisfy the four-dimensional equation

(02 — m?)Dp(x) = 69 (). (92)

We therefore have the following correspondences

q — ¢
t — x=[11,T9,T3,24
(qt2)a(t1)) — (p(y)p(2))
Oy ()o(t) —  Op(z)d™(z). (93)

We now define the Euclidean generating functional, as

1
Zg[J] = 5 /E Dipel/2 ) d*ae(@) Qe =m)3® (z—y)e()d'y+[ d'e(@)e(z)  (gy)

where the subscript E reminds us that we are in Euclidean space.

In the next section we will relate our Euclidean theory to a relativistic
Minkowskian one. The variable x4 will go over into a time variable as x4 — ct
with ¢ the light velocity. Without the §®) (2 — y) in Equ.(94), this would lead
to a non-local Lagrangian density, which for a local relativistic field theory an
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unacceptable situation. Such things as action-at-a-distance potentials as ~ 1/r
would violate special relativity. Using 64 (x — y) to eliminate one integral, we
get

1
Zsll) = 5 /E Dype! /2] d'ae@@amme@ ] d'ei@ete  (g5)

We now trade [ d*zo(z)0,p(z) for — [ d*20,¢(x)0,¢(x) by a partial integra-
tion and use Gauss’s theorem under the assumption that the boundary terms
vanish. This is true, if the field ¢(x) and its first derivatives vanish at the
boundary or for periodic boundary conditions. We get

ZulJ] = 1 D(pel/2fd“x(—Buw(w)avw(x)—m2)w2(w))+f d*zJ(2)p(x)
Z g

with 0, = 0/0xY = [0y, , Ogy, Oy, Ox,] and sum over v = 1,2, 3,4 implied,
The generating functional can the expressed in terms to the Euclidean La-
grangian density

[0vp(2)0 o () +m*p*(2)] (96)

N |

Lp(p) =

as
1
ZplJ] = 7/ Dope—Jd'eLe(@)+[ d*aip (97)

Integrating out Dy as in Equ.(80), we obtain the generating functional defining
our theory

ZE[J] _ 61/2 e L{‘{I?](Zl?)[ml»77TL2]71J<(I?>. (98)

Again normalized as Z(0) = 1. We have constructed a local theory, involving
only fields and their derivatives at the single point x.

Notice that the above construction works for any Green function, not only
for the relativistic case. In fact we will use non-relativistic models of electrons
in the applications sects.(6.1,6.3) with

h2v?

O =1ho; — - p. (99)

We constructed a field theory in four dimensions based on a Gaussian proba-
bility distribution and the question arises: What does it describe? To answer
this question we will

1. Morph one of its coordinates into a time variable, so that the resulting
theory lives in Minkowski space.

2. Show that this theory equals the usual Operator Quantum Field Theory
(OQFT) of a free bosonic quantum field.

3. Show that this equivalence carries over to interacting fields.
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3.3 Wick rotation to Minkowski space

Start from a 4-dimensional Euclidean space £; with points being indexed as
aH = [z1, 29, T3, 24] and metric

ds% = da} + doi + doi + doi. (100)

Although we could have defined our theory directly in Minkowski space My, it is
instructive to go from &, to My by an analytic continuations'® in x4, since this
automatically yields the 2-point function with the correct boundary condition.
In fact to go from an Euclidean theory with metric ds%, to a Minkowskian theory
with metric

—ds3; = da} + do} + doi — dt? = —datdz,, (101)

we perform the analytic continuation
t=xo = —114, (102)

where t is now our time-variable!?.

In the case of a Gaussian theory it is sufficient to perform this for the 2-
point function, also called the propagator. The Fourier transform of the defining
Equ.(92) in 4-dimensional Euclidean space, is

—(p*+m*)Dg(p) =1, p* = p? +p3 +p3 +p = p* +p, (103)

1.e. 1
D - 104
E(p) p2+m2 ( )

Therefore going to x-space yields

dp dps e
D(z) — P4 . 1
5 () /(27T)3 21 p? +pj +m? (105)

This integral is well defined and is the unique solution of Equ.(92). 3
To obtain a theory living in Minkowski space analytically?® continue Dg(p)
to complex momentum py. The ps-dependent integral in Equ.(105) is

€T = —_—— = —_—
VT ) 2w B+ E()? ) 27 (pa+1E(D)) (pa — 1E(D))

with E(p) = y/p? + m?2. The integrand is a meromorphic function with two
poles on the imaginary axis at +2F(p)?!. Now move the integration path C
to the vertical axis of the complex ps-plane by a rotation of —m/2 as shown

18The Osterwalder-Schrader theorem states the very general conditions under which this
analytic continuation is possible.

19Whenever a time variable has the same dimension as a space variable, it means that we
are using unities in which ¢ = 1.

20For our Gaussian theory there are no problems with analytic continuation.

21In Minkowski space the poles are along the real axis as you may see in references [6, 7]
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Re p,

Figure 2: Wick rotation of the blue contour C, running along the real p-axis,
into the red contour C’, running along the imaginary p-axis, without crossing
the poles. These are shown as blobs, whose distance to the vertical axis is *+e.
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in Fig.(2). To avoid hitting the poles under the rotation, displace them by an
infinitesimal amount to the left and right of the vertical axis. To avoid the
blowup of €44 under rotation also rotate x4 by 7/2 and introduce a new
coordinate

Tg =1 = —124. (106)

I4(z4) now becomes

ds eP4(s)zo

14(1'0) = lim 5 (107)

0 Jor 21 (pa(s) +1E(p) + €) (pa(s) —1E(p) —€)

where s is a real coordinate running along the contour C’. Since along this
contour p4(s) is purely imaginary define the real variable kg as

ko = 1py4 (108)

and trade s for ko as integration variable. With this change of variables, the
integral along the new path C’ becomes??

Li(we) = lim [ %o e~ tkomo
7o) = lim —
TS0 o (ko + E(k) — 1€) (ko — E(k) + 1€)

o dko efzk:oa:o
— 1 o_€ 1
50 oo 21 k2 —m? 4 1€’ (109)

where
k2 = k2 — K2 (110)

After this analytic continuation of the Euclidean propagator Dg(x) of Equ.(105)
becomes the Feynman propagator

»00 d—lk szk-:c
Dp(x) = , 111
r(@) / o (2m)4 k2 —m2 + 16’ (111)

the scalar product in Minkowski space being defined as k-x = kgxo — k- x. The
propagator satisfies

(32 + 'm,Q)DF(LIT —y) = 75(4)(1. — ), 92 = 00, = 33 B 2 (112)

where 0, = 9/02" = [04,0uy, Orys Ous], 0¥ = [0, =0,y —Ony, —Ors], repeated
indices v = [0, 1, 2, 3] being summed over.

To explicitly compute I4(zq), we close the integration path by a contour in
the complex plane, choosing always the decreasing exponential in Equ.(109) to
get

e—szE(k) 0 > 0
T 92E(k) 0
L(zo) =14 22, (113)
2E(R) zo <0

228ince E(p) > 0, 2E(p)e is an equivalent stand-in for the limit ¢ — 0.
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with E(k) = vV k* + m2.

In the following section we show, that the Feynman propagator obtained
by the the analytic continuation of the euclidean one, is identical to the
Feynman propagator of the Operator Quantum Field Theory (OQFT). This
great advantage is the reason we started from the Euclidean formulation.

Apply now the substitution

/ d*z — z/d4x, 00— 02, (114)
E

to the Euclidean functional Equ.(97), to get the generating functional for the
Minkowskian theory as

1 o [ die o) T
Z[J] _ 2 /Dcpez,fdl.l(ﬁo(,,)+.]\p) (115)

with 1
Lo(p) = 3 ((’9ch5"’<,0 — m2<p2) . (116)
and d*z = dxdydzdt. Notice that whenever an ¢ appears in the exponent multi-

plying Lo, we are in Minkowski space M,. Integrating over ¢ we get in analogy
to Equ.(98)

Z[J] - %/Dweé fd4x(¢(—62_m2)¢+Jcp) — e_% fd4fEJ(m)[82+m2]7lJ(z)
_ b [ dtedty @) e )

where we set the normalization factor Z such that Z(0) = 1. Upon using
Equ.(112) this yields

Z[J] — 3 J d4md4y.l(:r)DF(;zzfy),](y). (117)

The Minkowskian generating functional Equ.(115) produces the correct cor-
relation function as

(p(x1)...0(xn)) = Z”éj(i?)Z[j(gJ(xn) | 7=o- (118)
In particular for n = 2 we get
(p(z1)p(x2)) =1Dp (21 — 22). (119)

Since the equation of motion Equ.(92) is linear, it describes a free field prop-
agation in space-time. To get some interesting physics we will have to turn
interactions on in Sect.3.5.
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3.4 Quantizing a complex scalar field

In this section we will compute the two-point function of a free complex scalar
field using the operator approach of Quantum Field Theory (OQFT) in order
to show that this yields the same Feynman propagator. In this section we will
always work in Minkowski space with coordinate [z, x2, x5, 9 = t].

In OQFT the propagator is defined to be the vacuum expectation value of
the following time-ordered 2-point function

DO (3 — ) = (QTd(2)¢* ()| (120)

of the quantized operator field ¢(Z,t) - actually an operator valued distribution.
Here |Q) is the vacuum state and T means time-ordered - see Equ.(133). The
quantized field ¢(Z,t) will turn out to be a collection of harmonic operators.

Consider a complex scalar field, whose Lagrangian density is
1 *
Lo(¢) = 3 (0a0*0%p —m?¢*9) , (121)

where 0y = [0, Ouy, Opys Oy, 0% = [0, —Ox,, — 0y, —Ox,] and we sum over the
repeated indices «,so that

1 * * *
Lo() = 3 (000" Do — V¢* - Vo — m*¢*¢) .
The equations of motion are

0 0Ly 0Ly 7] 0Ly 0Ly

907 0(09/0z%) 06 " Bue 0(00+[0x7) D+
Gﬁ+m5{$%$}=0 (122)

with 9% = 07 — 92, — 02, — 02,. This so called Klein-Gordon equation, is a
four-dimensional wave equation familiar from the study of Maxwell’s equations,
in which case m = 0.

The canonical quantization rules are - in units where c=h =1 -

[6(,8), 6, )] = 0, [r(ast), m(a’,8)] = 0
[b(x,0), 7 (2’ 1)] = 6@ (2 — o) (123)
with the conjugate momenta
T =0L0/0d=¢* and T =dLy/IP* = .

Expand this field in energy-momentum eigenstates?®, satisfying Equ.(122)

)ezk:-x—zEkt + CLT_ (k)e—zk<x+zEkt]

>k
¢($7t)=/\/(27T)TEk[G+(

23The factor \/2E}, is included, so that e.g. the commutation relations Equs.(128) are the
usual harmonic oscillator ones.
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- / Kl (%) fi() + a_ (K)T f ()], (124)

where
—ik-x

e
Er = VK2 +m?, x) = —F——
k Jr(2) Gr)2E,
with & = {k = [k, k2, k3], ko = Ex} and k-2 = Eyzo — k- x. Here al (k) is the
hermitian conjugate of a_(k), since we are dealing with operators.
We easily solve for ax (k). For this we use the orthogonality relations

o [ o fitx) 90 Al t) = 0= (125)
[ aiix)8 fix.) = o (126)
where o p af
F®)dg(t) = 1))~ Za(t),

And
such that, inter alia, the 0; kills the Ej factors from fg(x) and allows the
cancellation necessary for Equ.(126) to be true. Using these in Equ.(124) we
get

0 (k) = 1 / B (x,1) Oh 6(x, 1),
0 (k) = 1 / B i (x,1) O 6 (x, ).

<>
Executing the operation 9; we get

at (k) = /d‘n’xf,:(x, ) [Ero(x,t) + 1(x, 1]

and using Equ.(123), this yields the commutator

la (k), al, (1)] = - / Badyl f (1) 0 d(x,1), fily, 1) & 6" (v, )]

xd
— / B fi(x,t) Oh fi(x,1) = 63 (k — 1). (127)
Proceeding analogously, we get for the whole set

[+ (k), al (k)] = [a- (k), ! (k)] = 6@ (k — k),

lax(k), ax (k)] = 0, [a] (k), a} (k)] =0,
[t (k), a” (k)] = 0, [a—(k), al, ()] = 0. (128)
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These commutation relations show, that we have two independent harmonic
oscillators a4 (k) for each momentum k. Defining the vacuum for each k as

ai(k)‘0k> =0, Vk, (129)

we build a product-Hilbert space applying the creation operators al(k) to the

ground state |Q) = [, [Ok).
We have the usual harmonic oscillator operators like energy, momentum etc,
but here just highlight the charge operator. Due to the symmetry

p(x) = e"o(x) (130)

for constant 7, Noether’s theorem tells us that the current

j* =@ 0"p — 0" ¢") (131)

is conserved: 9,,j* = 0. The conserved charge is24

Q=1 [ daj® = / & rlal (K)as (k) — ot (k)a_(k)), (132)

the operator ai(k) creating a positively charged particle of mass m and the

aT_(k) a negatively charged one.
Now compute the time-ordered product

(QTH(2")" ()]2) =

0t — 1)(0l6(a')6* (2)[0) + 6(¢ — ) (0]¢* (2)b(a")]0). (133)

Both terms above create a charge Q = +1 at (x,t) and destroy this charge at
(2/,t' > t). The first term does the obvious job, whereas the second term creates
a charge Q = —1 at (2/,t') and destroys it at (z,t > ¢’). This justifies the name
propagator, since it propagates stuff from z to 2’ and vice-versa®. Since the
fields ¢(x), ¢*(z') commute for space-like distances x — 2/, the f-functions don’t
spoil relativistic invariance.

Inserting the expansions Equ.(124) into Equ.(133), we get

(QUT(a)6* (2)|2) = / R [fiul@) FE @O — 1) + fi(2) ful@)0t — )]

d’k / —ak-(z'—x) N k- (z' —x)

24Going from Equ.(131) to Equ.(132) we actually subtracted in infinite constant. The
presence of an infinite number of oscillators requires this redefinition of the charge! This
simple subtraction is sufficient for a free theory. The interacting case requires a whole new
machinery called renormalization.

25To be able to follow the propagating charge, was to reason to use a complex field and not
a real, neutral field.
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The time-dependent part of the integrand in square brackets equals the rhs of
Equ.(113)%6. Using Equ.(109) we get

d4k e—zk-(az—y)
(2m)4 k2 — m2 4+ e’

wmwwmmm/ (134)

Therefore conclude with Equ.(111), that

(QUT¢(x)¢* (1)) = 1DV (x —y) =1Dp(x —y) = (p(x)* (y)).| (135)

The other time-ordered products are

(QUTP(x)p(y)|2) = (T (x)9" (y)|€2) = 0. (136)
Upon expanding in terms of real, hermitian fields ¢1, ¢2 as
@) = (61(@) + 160).
yields
(QUT¢:(x)d;(1)|Q) = 16, D™ (2 — y) = 18,; D (x — ). (137)

Thus Equs.(115,119) show, that the path-integral yields the time-ordered
correlation functions of OQFT

QT (1) P(22)[2) = /Dw(m)@(wz)ez J dakole), (138)

Since our theory is Gaussian, this is all we need to specify the whole theory and
we therefore have for any number of fields

(QUTP(21)d(22)...0(zN)|Q) = / Dop(a1)p(x2)...p(xn)etd T#Lol@) | (139)

We have therefore shown, that the path-integral formulation is equivalent
to the OQFT description. In section 3.5 we will extend this to a theory with
interactions.

Aside: On- & Off-shell
A field is called on-shell, if its energy-momentum operator eigen-

values satisfy E, = +v k®+m?2. If this is not true, the field is
off-shell®".

26 Although this equation was computed for a real scalar field, the integrand is the same for
our complex field.
2"We may impose the on-shell condition with positive energy in a manifestly relativistic

invariant way as
/ @k /d4k6(k2 2)2m0(ko)
— = —m*)2m .
(2m)32Ey, 0
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Explicit relativistic invariance is a must in QFT, especially in the
old days, when non-invariant cut-offs abounded to tame ultravio-
let divergences. If we use traditional non-relativistic perturbation
theory, we maintain conservation of momentum, but abandon con-
servation of energy, to allow the appearance of intermediate states.
This results in the ubiquitous presence of energy denominators. This
procedure, although yielding correct results, breaks explicit relativis-
tic invariance. In QFT we want to maintain explicit invariance and
therefore impose conservation of energy and momentum. But now,
in order to allow the appearance of intermediate states, we have to
place the particles off-shell.

Exercise 3.1

For a discussion of Feynman’s propagator theory ~~ BD1[8], Section 6.4. What
is the difference between retarded, advanced and Feynman propagators, all of
which satisfy Equ.(112)?

3.5 Generating Functional for Interacting Theories

We turn interactions on?® adding an interaction term to the free quadratic
Lagrangian Lo(p) in Equ.(115)

Lo(p) = L(¢) = Lo(#) + Lint(p) (140)

and define our interacting theory via the generating functional

Z[J] _ /sze” d4;r,(ﬁ(,(;p)JrLi,,,f(Lp)JrJLp) (141)

with the normalization factor [ Dpe" J d%(ﬁo(‘P)‘*‘L""‘(“’)) included into the mea-
sure Dy, so that Z(0) = 1.
Equation (139) written now for interacting fields becomes

QT P(z1)p(2)...0(xN)|2) =

/ Doip(a1)p(as)...p(ay)e! | 42 (£o@)+Eime()) (142)
This looks, but only looks, similar to the Gell-Mann Low formula of OQFT

(QUTP(x1)d(22)--d(2N)[Q) =

28This process often leads to misunderstandings. We started with a chimera: a free charged
field, which is not the source of an electromagnetic field. The interaction now has to change
this chimera into a real-world particle with a new mass, charge etc. A very non-trivial process
indeed, which we don’t discuss here.
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SOOI (01)6 w).. 0 (et 2B 9490 o), (143)

where ¢, |Q) are the operator field and the vacuum of the interacting the-
ory, |0),¢° the corresponding free field quantities?® and Z, as usual, equals
the numerator with J = 0. But here we deal with time-ordered products,
as in Equ.(133), of operator-valued-distributions. In the rhs of Equ.(142) the
operator-valued-distributions have morphed into mere integration variables at
the price of performing path-integrals.

Generally we are unable to perform the | D¢ integral, since the interaction
Lagrangian is not quadratic in the field variables. But we may rewrite Z[j]
using our old trick equ(15). Expand the exponential et/ d'eLini(@) i powers of
©(y). A linear term would be

[ Doty eetesss)

1.4
1

Replace ¢(y) by the operation 5705

as
1 4 4
D of d*a(Lo(e)+Tv) _ /D 1 o f d*a(Lo(e)+T0)
/ po(y)e P 5T

1 0 / Jd*a (L) +Te)
— 2% [ DpetS a(Lle)+Te
57y ) 7

1

We can perform this substitution for all the powers of ¢(y) and reassemble the
exponential to get

Z[j] — /Dgpezfﬁ(ap)+1fJgo — ezfﬁmf,(%%) /Ds&eifﬁo(tp)+sz<P. (144)

Performing the Gaussian integral over Dy we obtain

Z1J] = et ) Lini(35) o5 [ d'aI@Ar (e —y) I ()d'y (145)

and correlation functions as

(5”Z[J] ‘
0 (x1)0J (x2)...0J (z,) /=0

(p(z1)p(@2)..0(20)) = (146)

Equ.(145) is a closed formula for the fully interacting theory. Yet it is
in general unknown how to compute

LimGE (),
except expanding the exponential.

Furthermore our manipulations are formal and the integrals in general turn
out to be divergent! Yet there is a well-defined mathematical scheme - not some

29Like the free scalar field of Equ.(124).
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mysteriously dubious instructions - to extract finite results for remormalizable
field theories e.g. the BPHZ3? renormalization scheme [16]. Renormalizable
roughly means that the Lagrangian contains only products of fields, whose to-
tal mass-dimension is less or equal to the space-time dimension D = 4 and
the theory includes all interactions of this type. The symmetries of the thus
constructed quantum field theory may be different from the classical version.
In particular it may have even more or less conservation laws - in which case
anomalies are said to arise.

Let us obtain the path-integral version of the equation of motion like
Equ.(122). For this purpose use the following simple identity

/Dgo% =0, (147)

assuming as usual boundary conditions with vanishing boundary terms. Apply-
ing this to the integrand of the generating functional Z[j] of Equ.(144)

Z[J] = /Dwelfd‘ll(ﬁ(tp)—&-Jga) — /Dwels(¢)+lfd4ngo7

we get
/D(piezswmm‘*m
op
- /Dso 0 Pifp@ +J]estorildiale g, (148)
Remember that 55 ar or
) 9L _, (149)

Sp o M08
which set to 0 yields the classical equation of motion.

In fact, since the action depends both on ¢(x) and its derivative
¢’ (z) = dp(z)/dx, we have

55:5/dyﬁ[90(y),90’(y)] = /dy [ag(ﬁy)éwr af,fy)M'
oL d ocr
B /dy {aw(y) - dy&p(y)} oelv); (150)

where we performed a partial integration, assuming that the bound-
ary terms vanish. Thus

65 oL d 0oL
Sol@) ~ Op(e)  dw Op(a) (151)

with Equ.(149) its four-dimensional version.

30The acronym stands for N.Bogoliubov and O.Parasiuk, who invented it; K.Hepp, who
showed its correctness to all orders in perturbation theory and W.Zimmerman, who turned it
into a highly efficient machinery.
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Setting J = 0 in Equ.(148) yields the equation of motion

oL oL
D ZS(LP) /D ZS(SD) _— | = . 152
/ 7e (890 aﬂaama) 0 (152)

Here the classical equation of motion shows up in the integrand.
Taking one derivative of Equ.(148) with respect to J, we get

1 05
D 1S(p)+ [ drzd(z)p(z) _
0Jz, / . <5<p(y) i J(y))

K2 K2 41} x x 55
Z/DW(xl)e S(e)+1 ) dad(@)e( )(W )

n / DipetS@ 1 f d'a(@)e(@) 50 (y _ 51

0=

Setting J = 0 yields

/Dgoels(“’) (ap(xl) 62?@/) —166W(y - xl)) =0. (153)

Exercise 3.2
Taking two derivatives of Equ.(148) with respect to J, show that

/DWSD(M)(,O(a:l)eZS(“’)(éiZ)) _

o [ DeerS (plo)d Wy - 2) + plaa)6 Wy - w).  (154)

Exercise 3.3
Write Equ.(148) as

58’ J|z11=o. 155
[/ (=) + 7] 215] = (155)
This Schwinger-Dyson equation is an exact equation. Z[j] may now be ex-

panded in a power series to obtain perturbation theory results.

3.6 Connected correlation functions and the effective ac-
tion

We have been using the auxiliary source field J(z) to generate correlation func-

tions from Z[j] via Equ.(146). As such J(x) actually is a sort of outsider, since

we are really interested in the field p(z). It is therefore extremely useful to have

a generating functional, which permits direct access to the field ¢(x).
For this purpose we first define a new generating functional W (J) as

Z[J) ="V W[J] = —11n Z[J). (156)
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Using the cumulant expansion of exercise 3.4 or by direct computation, it is
straightforward to verify, that W[J] generates the connected correlation func-
tions

(p(x1)p(x2)...0(xn))e = an(m;g;?;i‘)].]“w(xn) |7=0 (157)
E.g.
(@) = (ola)),
2
(plar)p(aal)e = 7l
(oA _PZh | 1 szl bl
21/ 67(21)6 (w2) | Z 67 (21) 8 (wa) ) s=0
= (pla)p(z2)) — (ol pla), (158)

where we used Equ.(146). Now trade the auxiliary source J(z) for the one-point

correlation function®!

#(0) = {ola)) = (Pl = 3375 (159)
by a functional Legendre transformation

Mgl = Wil - [ dtea(@)s() (160

and use @(x) as the independent field. The field @(z) is directly related to
physical properties as opposed to auxiliary field J(z).

As Equ.(156) shows, I'[¢] is an effective action. J(x) is now a variable
dependent of ¢(z), given by

55(0) —J(x). (161)
Using Equ.(159) it also follows that
e _,
5J () '
Differentiating Equs.(159,161), we get
~ ~ —182W 6@(‘7")
T ¢ = RS = i
(B(z)2(y)) 57 (2)8J (@) 57 (y)
3/ (y)
r® = 00 _ __ . 162
(@:9) = Ssem 5o(a) (162)

311n the presence of the external source J(z) the one-point correlation functions(p(x)) does
not vanish!
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The functional T'[@] is useful, inter alia, for the study of phase transitions.
If ¢(x) is not zero, even if J(z) = 0, spontaneous symmetry breaking??
occurs. Due to Equ.(161), this means

oT[p]/0p(z) = 0. (163)

Exercise 3.4 (The cumulant expansion)
Show that

() = 3 E ), (164)

Exercise 3.5 (Proper vertex functions)
The functions

"I [@]
0p(x1)...0¢(xy) le=0
are called proper verter functions. Verify, that for the free field case the only
proper vertex is

rm (21,22, ..20)

(165)

T (2,y) = —(0% +m?)dW(z —y), TF (p) = p* — m?. (166)

Exercise 3.6
Show that

/ dyT (z,y)Dr(y — 2) = 69 (z - 2), (167)

i.e. the Feynman propagator is the Green function of the proper vertex F(()Q).

Show that the analogous relation

/ 45T ® (2, ) [—lo(y)0(2))e] = 6@ ( — 2) (168)

holds for the interacting case. Multiply Equs.(162) like matrices, paying atten-
tion to the repeated indices summed/integrated over.

Exercise 3.7 (The free field case)
Equ.(117) states

WolJ] = % / d*zd*yJ(x)Dp(z —y)J (y).

Verify
Po(z) = /d4z'DF(z —2"J(Z). (169)

328ee e.g. [11], Equ.(3.18) for details, after reading section 6.1.
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Insert this in Equ.(160) to get

Lolg) = = [ I @o(w) = [ dtedtys (@)~ 59z = ) 2u(y).
Use the equation for the Feynman propagator (Equ.(112))
(02 +m*)Dp(x —y) = =6 (z - y)

to get rid of the (— 6 (z — y))-factor. Show using Equ.(169), that
- 1 - -
olg] = — [ o) @ + m)p0(0) (170)

J(@) = (9 +m®)@o ().

You will perform usual matrix multiplications with continuous indices and per-
form a partial integration.

Apply a partial integration on the 9%@p-term>?® to show that the effective
action I'g[@] coincides with the classical free action So(¢) = [ Lo(p).

At this point notice, that we had to execute the path-integral [ Dy in
Equ.(95) with the classical action Sy(p) figuring in the integrand, to obtain
To[@] = So(@). In the interacting case I'[¢] is very different from the interacting
classical action S(¢) = [ L(p)!

Exercise 3.8(The effective potential)

Let us compute the first order quantum correction to the classical action[18, 11,
13]. For this purpose we expand around the classical saddle point Equ.(149),
where ¢(x)|saddie point = ¢o. The saddle-point equation is

or
55[¢]
60 (x)
which expresses ¢p as a functional of J — ¢¢[J]. Expanding about the saddle-
point, we have up to second order

|¢:¢0 = _‘](x)a (172)

1
Sl6) = Slen] — [ d'aI@as(e) + 5 [ dedtyds@Adely) (T3
with Ay = ¢ — ¢o and the expansion coefficient A is a functional of ¢g:
825[g]
Alg] = —bg - 174
To simplify notation write this as
1
5161 = Sloo] — (7, Ag) + 3 (Ao, ADy) (175)

33See the comments after Equ.(97).
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Equ.(156) tells us to compute
Z[J] = / Dget (S81+16) _ i), (176)
We perform this in the Euclidean version
ZplJ] = /D¢67(SE[¢]+(J,¢)) _ e Weld), (177)
where (,) are now Euclidean integrals. Shifting ¢ to ¢ + ¢g, we have

Zg[J)] :/D¢e—(SE[¢0]+(J7¢0)+%(¢,A¢))

:e—sE[¢o]—<J,¢o)/D¢e—%<¢,A¢) (178)

Integrate over ¢, to get
1
Wgl[J] = Sg[do] + (J, ¢0) + b log det A. (179)

The corresponding effective action is
- - ~ 1
Lg(¢] = Wg[J] = (J,¢) = Sel¢o] + (J. (b0 — ¢)) + 5 logdet A. (180)

We still have to trade .J for ¢o. This means solving the implicit Equ.(172) and
Equ.(159). Fortunately it is only necessary to expand Sg to first order to get
with Equ.(172)

- ~ oS e
Seld) = Selonl + (6= 005 Eloms = Silon] — [ (G- b0,
Therefore we find the effective action including a first order quantum correction
as

Csld] = 5510] + 5 loadet Al (181)

Reinstating the factors of A, convince yourself that the additional term is first
order in A.

To get some feeling for this formula, we compute the effective potential
Vers, which is the effective action I'[¢] computed for constant ¢. Since I'[¢] is
an extensive quantity, we also will extract the space-time volume {2 to obtain
an intensive quantity for V.. Computing in Euclidean space we get for the
action

Selol = [ s[5 + V(o) (12)

and expand it to second order in n with (5 = v+ n(z) and v constant. After a
partial integration we get

Sel¢] = /d%[%(@n)Q + V(@) +nV'(v) + %7721/”(11)]

36



=QV(v) + /d4x{nV’(U) + %77[ -+ V" (v)|n}. (183)
Equ.(172) and Equ.(174) now yield at the saddle-point ¢ = v
V') =—-J
Alz,y] = [-0% + V" ()]0 (z — y). (184)
Thus integrating over 1, we obtain from Equ.(179)
WalJ] = QV(0) + (J,0) + %Tr log Afv].

In Fourier space the trace is

~ 4
Trlog A[3] = O / (;’“yllog[k? V)], (185)

Now expand the effective action in powers of momentum around a constant
¢ =v as
1
Mg = [ dalVess(o) + 5007 2(0) + .. (186)

where Vess is now a function of v, not a functional.
Thus we finally get from Equ.(181)

Vors0) = V(W) + 5 [ Gz oBll? + V7 (0] (187)

This integral is ultraviolet divergent for large k. Integrating up to a cut off at
A, one obtains neglecting an irrelevant constant

A2 . (V”(U))Q (V"(U))Q 1
Vers(v) = V() + 505V (0) + 3 (log TR 5). (188)
If we choose for the potential the expression
A 4
V(6) = 5o() (19)

our model is renormalizable®*, allowing us to obtain a cut-off independent result.
It has the symmetry

p(x) = —o(). (190)
After the dust of the renormalization has settled, we are left with the fol-
lowing effective potential

2

A
Vers(v) = Jv4 + (a1 \* + ag)v4(log # —ag), (191)

34See the comments after Equ.(146).
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where a;,i = 1, 2,3 are numerical constants. Notice that the action Sg[¢] does
not contain any dimensional parameter. Yet in order to obtain a non-trivial
result when implementing the renormalization, one is obliged to introduce a
mass-parameter M in order to avoid infra-red divergencies at k = 0.

Although V(¢) has a minimum at ¢ = 0, Ves¢(v) has a maximum there and
two minima at £v,,n

Ol [v] | OV [y |
8'(} Umin av Umin
In accordance with Equ.(163), the quantum corrections induce the sponta-

neous breaking of the symmetry Equ.(190) in the limit3® Q — oo - see sect.6
explaining this concept.

=0,v2,, > 0. (192)

» Ymin

4 Path Integrals in Quantum Mechanics

We now rewrite the usual formulation of non-relativistic Quantum Mechanics
in terms of path integrals. Although this is just a special 1-dimensional case of
sect.3.3, it is instructive, because we start from scratch and obtain the path-
integral formulation also for the interacting case.

Consider the hamiltonian

1
H=_—P? 1
P21 V(Q) (193)
with
[Q, P] =1h. (194)
Time evolution is given by
(bt"a(t)) = (ple= 10" a) (195)

Using the usual non-normalizable states, we have

Qlg) = dlg), Plp) = plp), (196)
(dlg) =d(d" =), (P'lp) = 0(p" — p) (197)
{glp) = (plg)* = N (198)
(¢|Plp) = plqlp) = %%@Ip% (199)

The completeness relation is

7- / " dala)ial (200)

35For finite  the two states centered at v,,;, would overlap, creating either a symmetric
or an anti-symmetric state. For infinite €2 the overlap vanishes exponentially and we have to
choose either +vyin Or —vmin with identical physics.
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We have in the Heisenberg representation
(I’;-L(t)‘q, t> _ eth/hqefth/heth/h‘(D _ q|q7 t>. (201)

For a time-dependent Hamiltonian the Heisenberg operators gy (t1) and gy (t2)
do in general not commute for t; # to. Therefore, if we want to use completeness
for different times, we have to choose a different basis |g, ) for each ¢ in which
q(t) is diagonal.

Use the unitary time evolution operator U(tr,tr) to propagate the wave
function as

U(tp) =Ults, tr)v(tr). (202)
Therefore U(tp,t;) has to satisfy the Schrodinger equation

ZhaU(tF,tj)

G = Hr)U (e, ) (203)

with the initial condition U(¢1,t;) = Z. For a time-independent Hamiltonian H
the evolution operator U(tr,tr) is given by

Ultp,tr) = e /M=t (204)

whereas for a time-dependent Hamiltonian it is expressed in terms of the time-
ordered exponential as

Ultr, tr) = Te /il dHE), (205)
We can decompose the time-evolution into steps due to
Ultp,tr) = Ultp, )U(t,tr), fortp >t>tr. (206)
The matrix elements
K(qr,qritr —t1) = (qr|U(tr, tr)|ar) = (qp, trlar, tr) (207)

are called the kernel. We will compute it in the position-space representation
in order to express it in terms of Path integrals. Use Equ.(206) to evolve from
t; to tp in N consecutive steps (for notational simplicity only for the time-
independent case)

K(gr,qritr —t1) = (qr|U(tr, tn—1)U(tn—1,tn—2)..U(t1,t1)|qr). (208)

Insert the identity Equ.(200) N times splitting our time interval into N small
intervals At = (tp — t;)/N to get

N-1 o  N-1
K(gr.qritr —tr) = [ / dgi [] K(giy1, i A) (209)
i=1 /= o

with tg = t;,tny = tr and we do not integrate over qg = q; and gy = qr! Now
compute the kernel for a small time step (with i = 1)

K(giv1, a5 At) = (g1 |e” 2 |q;) (210)
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with
K(qit+1,qr: At) = 6(qiv1 — q;) for At — 0.

Although ¢ does not commute with p, for small At we may ignore3® this and
write

o—tHAL _ e—zé’—;Ate—zV(q)At (211)

Therefore

_zHAt|qi> 15—2Ate—zV(q)At|qi>

(giv1e = (qiy1]e”

n2
= (gip1]e 3w 2t|g; eV (@) At

2

:/dpi(%ﬂ|Pi>€_z%m(pilqi>e_zv(qf?mt
1 »2
= %/dpielpi(qi+l7qi)*ZAt[m+V(qi)]' (212)

Here we chose to replace (g;;1|e ™"V (DA% g;) by e=*V(@=9)AL  For eventual prob-
lems with this choice see [5], section 4.
Performing the p-integrals, we get

1 p? 1/2
o /dpiezm(%ﬂ—%)—l(m)At = (QWTAt) et i+1—ai)?/ (200) (213)

Therefore the small time-step kernel is

m_\1/2 m (git1 — ¢i)*
K(qiy1,q; At) = <M) exp(z;% — zAtV(qi)) (214)

For ¢;41 = q(t + At),q; = q(t) and At ~ 0 we manipulate as®” Thus

2
m (0t 480 —at) (A gl m/tm at. (215)
2 At 2 At 2 ;
Therefore we get
2
m (a(t+ A8 — ot t+At .
m (q( ) —a(t)) — AtV (q) :/ dtL(q,q), (216)
2 At t
where the systems Lagrangian is
S S
L(q,4) = s5mg* = V(q). (217)

2

36The commutant of the kinetic and potential energy is of order O(e2). If this were untrue,
and if [H(¢), H(t'] # 0 we would have to use the Baker-Haussdorf formula - see [5], section
10.2.5 and Wikipedia.

3"Regarding the differentiability of g(t), refer to the discussion at Equ.(68) of the Wiener
process. Thus our manipulations are formal, but we know how to compute before the limit
N — oo.
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This yields

m 1/2 , (At .
(alt + Atlq(t) = (o) el ke, (218)

Inserting this into Equ.(209) (now with 7 inserted),

(gr,trlar,tr) = K(gr, qr;tr — tr) =

. m N2 N1 [ o [LF dtL(q,q)
Jm (Gors) M5 / _da et : (219)

With the notation

i (125 [ an] = [ ptato) = [ (220)

N—oo — 00 (tI

we have

q(tr)

(qr.trlar,tr) 2/

Dig(oe/™I 10 — [ pgersin | (2
q(tr)

with the action
tp

S = L(q, g)dt. (222)
tr
This equation is the one-dimensional version of Equ.(141) with J = 0.
Although we have shown Equ.(221) to be true for a non-relativistic one-body
Hamiltonian with a potential V(g), Equ.(221) does not make any reference to
this particular form and it is in fact true generally.
We can also leave the p-integrals undone®® in Equ.(213) and write

(qr,trlar,tr) = R [Hi\;l/ qu} [Hfg’:}l/ dpk]
et/ J dt(p(t)g(t)—H(p(t),q(t)))

or

q(tr) Din(t)] . ¢ .
(ap,trlar,tr) = / DI i fip anpman-Hema0) | (993)
q(tr) 27h

This formulation is called the phase space integral, since the integration measure
is the Liouville measure DIq(t)]D[p(t)].

In our computation it was necessary that ¢tz > ¢, so that we could use the
kernel-decomposition property Equ.(206) in Equ.(208). Suppose, we want to
compute the expectation value of two operators, e.g. ¢(t1),G(t2). In their path-
integral computation we would necessarily have to insert g(t1),q(t2) in their

38The first and last p-integrals are different, but we have not indicated this.
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correct At-interval, the later operator to the left and the earlier to the right.
Therefore the path-integral

/ Daq(t)g(t)e™s/"

always represents the expectation value of the time-ordered operators

/ Daa(t)a(t2)e"S" = (g, tr|Td(t)d(t)lar, tr).

One outstanding property of the path integral representation Equ.(221) is
the ease in obtaining the classical limit, which means taking i — 0. For small
h the exponent fluctuates wildly and the integrals will vanish, unless the action
S assumes its minimum, implying

65[q(t), 4(t)]/6q = 0, (224)

which yields the classical equations of motion, to be compared with the exact
equation (152).
We quote several relevant properties of K

1. The kernel K(qp, qr,tr — t;) satisfies the Schrodinger equation
(1h0s. — H(qr, pr)| K (qF, q1,tF — t1) = 0. (225)
2. We can expand the kernel using energy eigenstates 1, (x) = (x|n)

K(gr,artr —t1) = (gele 70 gy = gple ™= 0 n) (n]qr)

n

_ Ze—z(tF—tI)EnQ/,T*l(qFWn(q,) (226)

3. The kernel is also called propagator, since it propagates the system from
tr to tp. We can construct the retarded propagator as

Kr(gr,qr;tr —t1) = 0(tr —t1)K(qr,qr;tr — t1) (227)

where 0(t) = 1 for t > 0 and zero elsewhere. Since df(z)/dx = é(x), the
retarded propagator satisfies

(WO, —H(qr,pf,tr)|Kr(qr, qritr —tr) = 1ho(tp —tr)0(qr —qr), (228)

i.e. the retarded propagator is the Green function of the Schrodinger
equation.

Exercise 4.1
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Obtain Equ.(205) for a time-dependent Hamiltonian.
To show this rewrite Equ.(203) as an integral equation, using the identity

t t
/ dt' 0y Ut t;) =U(t,tr) — Ut t;) = —z/h/ dt' HE"U (¥, tr).

tr tr

Therefore

Ut ty) =1 z/h/t A HEU(E 1),

Now we iterate this as

U, tI)—l—z/h/ A H () 1—z/h/ A H(U 1)) +

+(—z/h)/ttdt’H(t’) (—1/h) /dt/ dt"H({"YH(t") +

We express the integrands in terms of the time-ordered products defined as
T[H(t1)H (t2)...H(t,)] = 0(t1 — t2)0(ta — t3)...0(tn—1 — tn)H(t1)H (t2)...H (tn)
+n! permutations.

Show that

% / it / At TIH (1) H (t2)] = / it / o H ) H (1)

Therefore

U(t,ty) =1+ (—1/h) /tdtlT[H(tl)]jL(_Z/h)2 /tdtl /tdtQT[H(tl)H(tg)]-i-...

tr 2| tr tr

Going on like this get Equ.(205).
Exercise 4.2
Obtain the kernel for the free particle with H = £~

m 2 map—ay)?
KO(C]F,QI,tF — t]) = meﬁ 2tp—tp (229)

using its path-integral representation Equ.(221). This can also easily obtained
directly as

d,
Kolar.ar.tr = tr) = (agle™10r =0/ Mgp) = (qy] [ S2em10et0 /M) p g

_/dp U —0/% (g 1) (plar) = /@672[%]@1:7t1)/h+z(qpfq1)p/h'
27 2m
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Performing this Gaussian integral yields Equ.(229).
Exercise 4.3
Show that the kernel for the harmonic oscillator with action

m [ 2 2 2
Spldl =5 [ dtlq(t)” — wia(t)’] (230)
tr
is given by
_ _ MW ©Snlge(T)]/h

K T=t;—t;)= ! 231
nlarsar, 1= t) 2mih sin the ’ (231)

where ¢, is the classical path and

mwep, 2 2

(1) = ——— T-2 . 232
Snlac(T)] QSinth[(qF+qz)coswh arqr] (232)

For details see e.g. [1], Problem 3-8.

5 Statistical Mechanics in terms of Path Inte-

grals

The statistical partition function is

Z(ﬁ):ZefﬁE"zTre*ﬁH, 8= 1

T (233)
For systems to be in thermal equilibrium, the Hamiltonian has to be time-
independent. This looks like the quantum mechanical TrU(tp — t;) of Sect.4,
after replacing 8 by «(tp —t7)/h. We will therefore use the quantum-mechanical
path-integral formulation for U(tgp — t7) and after that introduce a fictitious
time variable 7 to label our paths.

To start with write

Z(tp —t;) = Tre” #tr—tH (234)

in terms of the position-representation using Equ.(226). The trace operation
becomes an integral over |z) states with zp = 27 = x, i.e. we do not integrate
over all paths, but only over all closed loops coming back to x and then integrate
over x

Zlte—t1) = /_m do (2| U (tp, 1) |2) = /_OO QoK (z,2,te —t1).  (235)

Using Equ.(219) with z(tp) = z(t1), i.e. periodic boundary conditions and
the product now running up to k = N, we get

~ m N/2 N ° t+At .
_ — e (v/h) ft dtL(z,x)
2(tr =tr) ngl’(l)o <27mhAt) [Hk:o / oo qu} c

44



0o z(tp)=z
- / da Dla(t)]e/mS1 ()]

—o00 z(tr)=z
or
Z(tp —t7) = / Dlz(t)]e/S=®] (236)
We now set t; = 0 and tp = @A and t = —i7. The exponent becomes for a
particle subject to a potential
m dx hb m dx
= dt - } - d [ V(z

with the Euclidean Lagrangian
Lplr] = = (=) + V(x). (237)

In terms of the Euclidean Lagrangian density in four dimensions as in Equ.(96),
we get

Z(8) = b Dype=Jo” dr [ 2L (p.00), (238)
. p C

The imposition of periodic boundary conditions imposes a constraint on the
Fourier transforms g(t) = [0 %g(w)e~"!. Requiring g(t) = g(t + 3) implies
e“P =1 or 9

Wy, = %n (bosons) (239)

for integer n. The integral becomes a Matsubara sum

[5ea@) =5 3 alen). (210

5.1 Fermions

For fermionic fields we have to impose anti-periodic boundary conditions. We
therefore need to set e*? = —1 or

JCIEL))

To get this tricky point clear, we will look at a one-dimensional fermionic
oscillator. We will compute the trace e ** using elementary quantum me-
chanics and path-integrals to compare the results. But first we have to learn
how to integrate over fermionic variables!

(fermions). (241)
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5.1.1 Fermionic Integrals

We need a fermionic path-integral formalism analogous to the bosonic case.
Since we don’t have the least idea how to get this, we proceed the following
way.

For a quadratic Lagrangian we know how to perform the path-integral. We
will therefore invent integration rules, which for the known free quadratic case
give the same results as OQFT. Then we will use these rules for interacting
Lagrangians, guaranteeing that they give the OQFT results in perturbation
theory. We may of course then use our path-integral formalism to obtain non-
perturbative results.

Consider real-valued quantities obeying the following anti-commutation rules

{6;,0;} =0—02=0,1i,5=1,2,..,N. (242)
Thus any function of one variable is at most linear in
9(0) = go + g0 (243)
and for two variables
9(0102) = go + 910 + g202 + g12616>.
E.g. for the exponential we have
A0 =1 4 A6,0s.

The variables 6; are called Grassmann fermions.
Define differentiation and integration rules as

%ej =65, /del- =0, /9j do; = 6., (244)

where df; are also anti-commuting Grassmann variables, anti-commuting also
with ;. Although differentiation and integration rules are the same®’, therefore
redundant, having both is still convenient in order to maintain similarity to the
bosonic calculations. We will go on and use most of the usual calculus rules
without proving them.

The only big difference will be the rule for changing variables®®. In fact we
have with Equ.(243)

[ 9ty =
and for a real number a using linearity

g(ab) = go + ag,0.

391t necessarily follows, that there is no geometric interpretation for J df and no integration
limits etc.
40The Jacobian in a transformation of variables also changes place.
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Therefore [ g(af)dd = [(go + ag10)dd = ag1 = a [ g(0)d0 i.e.

/g<a9)d9 - a/g(e)de. (245)

For the bosonic case we would have instead

/f(ax)dx:é/f(x)dm.

The ubiquitous determinant also moves to the numerator. Consider a real,
positive definite matrix A; ; composed of four sets of all anti-commuting vari-
ables 0;, 07, m;,n; with 7, j =1,2,..M and the quadratic form

M M M
QO,0%)= > 07 A0, 00— > On;
[i,5]=1 i=1 i=1

=Q(0,0") = 0* A0 — n*0 — 0*n, (246)

where the * just distinguishes different independent anti-commuting sets.
Notice that

De? Q 0e?

= —0ie”, o~

00; 00r

= 4079,
With the convention
/ [DODOY1001050...0%, 001 — +1, (247)

where DODO* = df,d07d02d05...d0yd0},, we have the following identity

Ip = / DODO* RO = det Ae=7" A, (248)

This can be shown with some combinatorics. To compute
M O*A 0.
Ir = /[D&Da*]eiwzl i 41,395
for the case n = 0,n7* = 0, we go to the diagonal representation of A
Ip = / [DODO*| =i O 0l

Expand the exponential and notice that one factor of ,6* is needed for each
df,df* to get a non vanishing result after integration. Thus only the term

a19{01a29§92....aM97\/19M
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survives in the integral. But there are M! ways to obtain this term and all have
the same sign, since the pair 676; commutes with all other pairs. Thus we get?!
with Equ.(247)

M
Ip = /[Dgpg*]ezf\fﬂ:l bi4ii% = T ai = det A.
i=1

For n, n* nonzero we complete the square as in the bosonic case.
We will generate correlation functions applying d/907; as in the bosonic case.

Exercise 5.1

Show that the definition of the integral as [df = 0 is required by shift in-
variance, which we of course want to maintain. For this purpose consider
g(0) = go + 916 and compute [ g(f + n)df, assuming [6df = 1. Invoke lin-
earity to conclude that [ ¢(0)d0 = [ g(6 + n)d6 requires (fin) [ do = 0.
Exercise 5.2

Show that the Jacobian’s position is inverted, when compared to the bosonic
case.

5.1.2 The fermionic harmonic oscillator

To compute path-integrals we need the classical description of the oscillator for
a fermionic field ¥(t). Define its Lagrangian density to be

L, ") = P 10pp — wip™1h, (249)

where w is some constant parameter and we set i = 1. Here ¥ and ¢* are inde-
pendent fields. This Lagrangian is the one-dimensional version of the relativistic
3-dimensional Dirac Lagrangian, see e.g.~~ [12], chapter 3.

Since L(1,1*) is independent of 9;¢*, the equation motion for 9 reduces to

By = 0, i.e.
1W0h —wip =0 — h(t) = be™". (250)

The equation of motion for ¢* yields
V*(t) = ble ™!, (251)

where the peculiar naming of the initial condition as bt for 1*(¢) foreshadows
its role as creation operator. Here it is just another constant.
The momentum conjugate to ¢ is my, = 0L/ oY = wp* and we compute the
Hamiltonian as
Hp = mytp — L = wip™ip. (252)

41Had we integrated only over J df with an anti-symmetric matrix A - therefore with purely
imaginary eigenvalues - and an even number of variables, the result would be the Pfaffian of

A with Pf(A) = v/det A.
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Now quantize this fermionic system. In accordance with Pauli’s principle b
becomes an anti-commuting operator satisfying

{babT} =1, {bab} =0 {bTvbT} =0,

where now b is the hermitian conjugate of b.
This one-dimensional fermionic system has only two eigenstates: the fermionic
state being either empty or occupied

b|0) =0, |1) = bT|0).
We thus have a two-dimensional Hilbert space with Hamiltonian
Hp = wb'b + constant,

where we used the equations of motion Equ.(250). Hermiticity of Hg correctly
identifies b as the hermitian conjugate of b. Due to possible operator ordering
ambiguities, when going from the classical to the quantum hamiltonian, the
energy levels are only given up to an arbitrary off-set. We set the constant so
that

Hp =w(®'b—1/2). (253)

Compare Hp with the bosonic Hamiltonian Hp = w(afa + 1/2).
The two energy eigenvalues of Hp are

€y = <O|HF‘0> = —w/2, €1 = <1|HF|1> = —|—w/2.

We now compute the normalized trace of e **T for some time variable T,
summing over the two eigenvalues
1 —1e; T wT' /2 —wT/2 T
W HeT) . 20 © e +e B w
= = = coS — 254

| = &m0 > @)
where the normalization factor Z = 2 has been chosen as to satisfy the normal-
ization condition

trle

trle” " r T _q = 1. (255)

Now compute the same trace with the path-integral method. Use Equ.(236), in-
tegrating over the anti-commuting Grassmann variables 1, ¢*. The normalized
trace with normalization factor Z is

treszT _ lN /Dwa*ezfg Ldt
A
Inserting Equ.(249) we have
1 : . 1
tre HT — T/Dl/)Dq//*elf dryt () Pde =l () — — detfud/dt — w).
Z Z
Adopting the same normalization Equ.(255) we get

Z = dethd/dt — w],,_, = det[sd/dt],
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yielding
. det[ed/dt — W] _ det[D,,] . (256)
det[ed/dt] det[ed/dt]
We compute the determinants in momentum-space, where the operators are
diagonal and the determinant is the product of the eigenvalues e, (w). Com-
pute them solving the classical equations of motion to get a complete set of
eigenfunctions

Dy, [ (t) = [d/dt — w] fn(t) = en(w) fu(t)-

With the appropriate anti-periodic boundary conditions f,(t + T) = —f,(t)
the eigenvalues are
2 1
en(w) = —W —W=—wy, —w, n=0,%1,42, ...
This yields
(oo} oo 2
t H(w)T _ en(w) — 1— w-
* A Co-He-2
The product is
o0 W2T?2
T wT
H @n 1 1) 2) 008 == (257)
This agrees with the fermionic partition function Equ.(254)
T
Zp(w) = cos “2 , (258)

vindicating the use of anti-periodic boundary conditions. Although we used
the proverbial slash-hammer to kill the fly Equ.(254), path-integrals prove to
be extremely expedient in the field-theoretical case.

Remember that we had to use particular boundary conditions to write the
path-integral in terms of the Lagrangian in Equ.(96). This is not necessary for
fermionic Lagrangians linear in the derivatives, so that anti-periodic boundary
conditions are no roadblock here.

Exercise 5.3

Repeat the computation of the trace for the bosonic oscillator.
Exercise 5.4

Show that Matsubara-sums may be evaluated as

D flwn) =D f(—2)g(2) (259)
n Resy
with 5
9(2) :{ +eﬁz‘? boso.ns (260)

— o fermions
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and Resy instructs us to sum over the residues of the poles of f(—1z). If f(2)
has cuts, we have to include the discontinuity across them.
For w,,=fermionic and w,,=bosonic show

= 1 1 1 & 1 1
Z zwn—e:eBE—Fl’B Z zwm—ez_eﬁe—l
n=—oo m=—0oQ

=

The bosonic sum has lim._,g — —00, so we may use this limit to check the sign.
If you use the function g(z) = —% tanh(%?) for fermions or g(z) = & coth(%¢)

for bosons, do you get the same result?

Exercise 5.5

Show the following identities for fermions

1 1 —np(eg)—nr(€gtp)
B = - - 261
B zn: (1w, — €¢) (W + 1w — €p4q) wtep—€qip (261)
and ) X
_ _ 1-np(eq)—nr(ep—q)
B ; (an - Eq)(lwn — Wm — 6])—q) wWt€p—€p_g )

using np(—z) =1 —np(x),np(x + w) = np(z).
Exercise 5.6
For w,,=fermionic and w,,=bosonic frequencies show

l Z 1 — nF(eq) — nF(€q+p) (262)
B~ (wn — €g)(wn + wm — €q4p) Wi — €g+p + €

6 Non-relativistic electron models

Let us consider non-relativistic electrons coupled by a 4-fermion interaction.
This is one of the simplest models, yet sufficiently rich to contain extremely
interesting physics, such as spontaneous symmetry breaking.

Since this model includes fermions, we will use two independent set of Grass-
mann variables: ¢(x) and ¥*(x) with © = [z1,29,23,t]. We append a bi-
nary variable to describe the electron’s spin 9} (z),¥;(x),i = +. We will inte-
grate over ¢ and ¥*, indicating the measure as D[y, 1*], using the results of
Sect.(5.1.1), in particular Equ.(248). As usual path-integrals will be performed
in their discrete version. A finite hyper-cube in R* of length L = N, we will
have N space-time points with two variables at each point, yielding M = 2% N*
degrees of freedom in e.g. Equ.(248).

The total Lagrangian density is the sum of the free density*? and an addi-
tional 4-fermion interaction

L= v (0 + ﬁw + )i + GYLabE h_ay (263)
=+

42We will set i = 1 in the following.
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where p is the chemical potential and G is a coupling constant.

With one electron per site, a half-filled band, this interaction is the only
local four-fermion interaction possible. Yet this simple model is rich enough
to describe several important systems undergoing phase transitions. The free
parameter G is a coupling constant with dimension ~ m~2, supposed to en-
capsulate all physics, such as non-local effects due to some potential V (r — r'),
which are swept under the rug by our simple 4-fermion interaction. Of course
this model cannot describe situations, where particular properties of the Fermi-
surface are important like high temperature superconductors, graphene etc.

The generating functional

z= [ Dlpvrjert o (264)

with d*z = dtd®z. The generating functional is translationally and rotationally
invariant, although in condensed matter physics we typically want to describe
crystals. In crystals these symmetries are broken down to sub-symmetries and
we have invariance only to subgroups, depending on the crystal’s symmetry.
Since we will concentrate on phase transitions, these details are not relevant.

In the following sections we will manipulate this Lagrangian in several ways,
each one exposing the feature we are looking for. In other words, we will find
different minima of the generating functional above -~ [7], chapter 6. This of
course means, that we know what we want to get: how to introduce additional
fields m(x), A(z) to tame the 4-fermion interaction, morphing it to a bilinear
form. This will allow us to exactly integrate over the fermions, leaving an action
involving only these new fields m(x) and A(z).

6.1 Ferromagnetism

We will rewrite the generating functional Equ.(264) to extract a model describ-
ing the ferromagnetic phase transition.
In order to describe spin, we need the three traceless Pauli matrices

1 _ 01 2 0 —1 3 _ 1 0
"_(1 0)’ U‘(ﬂ 0)’ o=y -1 ) (269)

satisfying the identity

§ob
O'%O’;fl = T[Q(Sil(;jk — 5ij5kl] + Zeaﬁ’y [5ij;Yl — 5ik0;'yl] (266)

with o, 8 =1,2,3 and 4, j, k,l = +. In particular we set a =  and sum to get
0ij - Ot = 20710k — 030k (267)

Use it to rewrite the 4-fermion interaction as*3

PLYIY iy = —2s(x) - s(x) (268)

43Remember the anti-commutativity of !
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with
S(.’L‘) = Z lﬂza'ijwj. (269)

ij==%

The action becomes
S, 8] = /d%/: _ /d%( S 03 (1944 5 VP ) —20s(2) 5(2)). (270)
i==+ 2m

Now linearize the s(z)- s(x) term introducing the field m, called magnetization.
The name is justified, since m couples with the spin-density s(x) due to the
term m - s. In fact, with ¢ = VG, use

/D[m}ezfd4z(m272gm-s) (271)

— /D[m]ezfd‘Lm(mfgs)zefifd‘Lz Gs? _ [/D[m/]elfdzlmm’Z]efind‘Lfc 55
The integral over m/’ yields the constant determinant N and we get the identity
e—szd4w s(z)-s(x) _ %/D[m]ezfd‘lx(mz—ng-s). (272)

Using m - s = m -9 0;;1;, the generating functional becomes

Zym =
1 P d4m{ y 1 (204 %nvz dij—2gm-oj; |Y; mz}
—/D[w,w*]D[m]e S Z,,w[( +3 +1)dij—2g _]w_+ (273)
N
Now use Equ.(248) to integrate over the bilinear fermions, to get
1 1 [ d*zm?)
Zm] = % D[m](det O[m])e ,
where 1
Olm] = (10, + %VQ + p)di; — 2gm(z)-o. (274)

Putting the determinant into the exponent with det O = " ©

generating functional in terms of the action S[m]

, we get for the

Z[m) = % / Dim]e**Im! = /%/ / Dlmjet/ d"eam™+TrinOlm] | (575

O is the infinite-dimensional matrix with indices [, 7], so that the trace is to be
taken over all the indices x in z-space and ¢ in o-space: T'r = T'r[; ,]. Eventually
we will have to expand the log and we therefore factor out O[0] to get a structure
like In(1 — z)

TrIn O[m]) = Trin{O[0](1 — 2Dggm - o) (276)
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with )
D' = 0[0] = (10; + %vg + 1)dij. (277)

To ease the notation we renamed @~ '[0] as Dg, which is the Schrodinger
propagator of the free fermionic theory.

Let us flesh out the structure of the above equation, writing out the indices.
As a matrix O[m] needs two indices a and ¢

O[m]ac = O[O}a’b(&w - 2g[DS]bﬁc[m . O']bvc), (278)

where Latin indices are compound indices as {a,b,...} = {[z,i],[y,]],...}. The
0p,c is a product of a Kronecker delta in o-space and a Dirac delta in z-space.
O[0] is a local operator - see Equ.(86) for a 1-dimensional example. But an
operator containing derivatives will become non-local in the discrete/finite ver-
sion of the path-integral, since derivatives have support in neighboring bins.
Its inverse, the propagator Dg, due to translational invariance depends only on
the difference in z-space, as §(t2 — t1) in Equ.(87). It is diagonal in o-space:
Dg = Dg(x — y)d;;. m is a diagonal matrix in z-space: m, , = m(z)d(z — y).
Products of m(z) are local in z-space, but non-local in momentum space.

We now compute the trace tr, in spin-space. In order to get rid of the
logarithm, we use a convenient trick. Take the derivative of

TrinOlm] =TrnO[0](1 — 2gDgo - m)

as
0Try o In O[m]
dg
where we have displayed the matrix-inverse as a fraction to emphasize, that
positions don’t matter. Using

STy (279)

T(EO’ T a. -
"o, {1—2gDSa'~m

1+B-o
1= B0 = T
we compute
. 2Dgo -m . 2Dgo - m[l +2gDsm - o]
71-2gDso - m] 7 (1 —4¢%[Dsm]?)
8gDsm - Dgm

= 2
1—4¢g2Dsm - Dsm’ (280)

where we used tro = 0. Inserting this into the derivative of Equ.(275), we get

3S[m] —— 789D5m . ng
dg  “1—4¢2Dgm-Dgm’

(281)

Integrating we get the action with the ¢r, already taken
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Sim] =1 / d*zm?(z) + tr, In {O[0][1 — 4GDgm - Dgm] } (282)

where we adjusted the g-independent constant to correctly reproduce the limit
G —0.

Up to here we have not made any approximations, but only rewritten
Equ.(264). Yet it is not known how to compute the ¢r, or compute the integral
J D[m] without some approximation, such as expanding the In.

Equ.(282) shows that our system is rotationally invariant. In fact the
measure D[m] and [ d®z,d®k are invariant and S[3,m] depends only on scalar
products of bona fide vectors**. Therefore any mathematically correct
result deduced from this action has to respect this symmetry. Dear
reader: please never forget this statement!

When describing phase-transitions, we are looking for an order parameter,
in the present case the magnetization, which is zero in the paramagnetic and
non-zero in the ferromagnetic phase. As mentioned in Equ.(163) we require,
that

oT[m(x)] _

s (z) (283)

for some non-zero m(x) = (m(x)). We do want to preserve translational invari-
ance, so that momentum conservation is not spontaneously broken. Therefore
we require Equ.(283) to hold for a constant non zero value of the magnetization
m

(m(x)) =m #0. (284)
Since we did not compute I'[m(z)], we will resort to the mean field approxi-
mation or Ginzburg-Landau effective action in the next section.

6.2 The Ginzburg-Landau effective action: ferromagnetic
spontaneous symmetry breaking

To model a simple ferromagnetic phase transition, we will expand the logarithm
of Sfm] in Equ.(282). It is sufficient to keep terms up to g*. We therefore
compute

trin {1 — 492D5m . Dsm}

oo
= (—4g®)" . n
= 2 n t’l“{ [Dsm ng] }
Thus S[m] is given up to order g* by

B
Sy[m] = / dr/d?’x m?*(z) — 4g2tr{Dsm : Dsm}
0

44We actually should show that m transforms as a vector: see exercise 6.1 below.
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+8¢%tr{ [Dsm]"}. (285)

In the instruction to take the trace tr,, & is an integration variable and
we may therefore change to any other convenient variables, but let us not forget
the Jacobian J of the transformation. We will compute the determinants/traces
in momentum-space, using their invariance under this unitary transformation,
which guarantees J = 1

dety(A) = det {UU AUUT} = det {UYdet (U AU }det U}

= det {U}det {U " Ydet  {U AU}
= det, {UU  }det  {U AU} = dety A.

With ¢ = —u7 and taking the Fourier transform as
m(w, k) = /d4xe’(w+k'w)m(r,x),

we get for the free propagator from Equ.(277)

Dg(k) = ——— 286
s(k) w — e(k) (286)
with e(k) = % -
We compute the g2-term as
trz{DSmi . ngi} = Trm{miDs . miDS} (287)

— [ dtedtymi(@)Dste — ymsla) Dsty 2
_ /d4xd4y d4k1 d4k2 d4k3 d4k4 N
(2m)* (2m)* (2m)* (2m)*
el[kl‘“""kz‘(x_y)+k3'y+k4‘(y_l)]mi(kl)Ds(kg)mi(kg)Ds(]@;)
_ / d4k1 d4k2 d4k3 d4k4 N
) (@2m)* (2m)* (2m)* (2m)t
5(]{51 + ]{52 — k’4)5(71€2 + ]Cg + k4))ml(kl)Ds(kg)ml(kg)Ds(lﬁl)

4 4
= / (d2:5)14 (C;:l)imi(kl)DS(lﬁ)mi(—k‘l)Ds(kl —|—k2) (288)

Thus
4
tr{DSmiDSmi} = / (;lﬂl;lmi(k) I, (k) mi(—k). (289)

96



- q N
k k
> >
k+q
,,,,,, NI

Figure 3: II3(k): second order contribution to the trace. The blue lines stand
for the propagators Dg. Notice momentum conservation at the vertices.
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with the polarization function

4
M) = [ i Ds(Ds(h+ a) (200)
This process is illustrated in Fig.(3). We can easily read off the resulting
Equ.(289) without tedious Fourier transforms. Notice that translational in-
variance in x-space implies energy-momentum conservation.

To describe statistical mechanics, the w-integral in [ d*q has to morph into
a sum over Matsubara frequencies Equ.(240) for fermions as

dw 1 < 2n+ 1w
[ o) =5 Y oo = 22T

n—=—oo

Remembering from Equ.(277) that w, are fermionic, whereas w are bosonic
frequencies coming from m;(k), we get from Equ.(262)

ZDS DS k+q BZ an !

— eq) Wy + 1w — ek+q)

_ nr(eg) = nr(€riq)

(291)
W — €g4q T €q
Below we will need the expansion of II(k?, w) to first order in k?
I (k, w) ~ I15(0,0) + a2k?, (292)

with e.g.
Be
e~

3 3
I12(0,0) = Jim %ZDSWWS““”):/(%W‘

Similarly we get for the g* term - indicating convolutions by the symbol ®,
4
tr{(Dsm - Dsm)*} = as(B){m® }". (293)
Hence we get to order g* or G2

Saim] =8G*au{m ® }4

4
—&—/(irk)zimi(k) [1 - 4G (115(0,0) + azk?)] mi(—k). (294)

This model is supposed to describe the Fe-phase transition occurring at some
critical temperature T.. The magnetization vanishes above T, and is non-zero
below T,.. Therefore it is called order parameter. The particular value of
T. depends on the physical details of the ferro-magnetic material. We will not
model some particular system, but rather leave T, as well as as as, IT12(0,0) and
ay as free parameters.
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Yet in the vicinity of the critical point a universal behaviour of the order
parameter sets in. Universal quantities do not depend on the details, but only
on stuff like the spatial dimension (d = 3 in our case), the symmetry of the
order parameter (rotational symmetry in our case) etc. Which properties are
universal has to be discovered in each case and it is those our model has a
chance to describe. We therefore simply dump non-universal properties into the
free parameters [G, az, I12(0, ay] and hope for the best?®. We will expand all
the temperature-dependent variables around the critical temperature T,.. As we
will see, the value of T, is determined by the vanishing of the coefficient of the
m?-term.

All this can be subsumed into the Ginzburg-Landau effective action as
an approximation to I'[m] of Equ.(160). Notice that at this point we have aban-
doned performing the path integral | D[m], neglecting the associated quantum
effects. We therefore drop the mean value symbol and set (m(z)) ~ m(x).
Transferring S4[m] to Euclidean 7, x-space, we get the Ginzburg-Landau effec-
tive action

Tarlm] = / drd®z[c;Vm - Vm + com? + cym?]. (295)

with some free parameters co,c; > 0,7 = 1,4. The gradient term damps out
high frequency spatial variations of the order-parameter.
Using Equ.(283) we get the gap equation for m(z)

5FGL [m]

= [-2¢, V2 2 4cam3) = 0. 2
5m(y) [ Clv m + 2com + C4m] 0 ( 96)

As a first approximation, we neglect fluctuations and look for constant
m(z) =m #0 (297)

as required by Equ.(284). The magnetization m becomes the order parame-
ter of the ferromagnetic phase transition. Since our model is rotationally
invariant, it is of course unable to provide a particular direction for the magne-
tization to point to! At most it may yield a non-zero value for the length of
the magnetization vector. This is called Spontaneous Symmetry Breaking
(SSB). In fact under a rotation the magnetization vector m transforms as

m; = Rijm;, summed over j, (298)

where R is a anti-symmetric 3 x 3 - matrix. It satisfies R;jR;; = d;, so that
the original vector and the rotated one have the same length. This means that
the angle of m is arbitrary, the partition function being independent of this
angle! We have now two possibilities

1. Either m = 0, in which case the angle is irrelevant.

45For more details see [13], sect. 15.2
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2. Or m # 0, in which case we have identical physics for all values of the
angle, i.e. SSB. The theory only tells us that m lies on a sphere of
radius |m| # 0. If the reader needs a bona fide magnetization vector with
a direction, it is up to him to choose this direction. Due to the symmetry,
all eventually chosen directions will produce identical results!

Comment 1

Symmetry arguments like the one used at Equ.(298) are millennia
old. Aristoteles resorted to symmetry to prove that the vacuum does
not exist. In the middle ages this was called horror vacui - nature
abhors the vacuum.

The argument goes as follows: If the vacuum existed, a body travelling
in it with constant velocity would never stop! Due to translational
invariance this is true, since all the places are equivalent and the
body can’t do anything except going on[20]. Now he concludes: but
this is absurd, therefore the vacuum does not exist*6.

Notice that Aristoteles lived ~ 2000 years before Galileo! If you
want the body to stop, you have to somehow break translational
invariance. In our system you have to somehow break rotational
invariance. You could take resource to some magnetic field pointing
in a particular direction and adding a corresponding interaction to
our model. This would be explicit symmetry breaking. But SSB
is much more subtle!

For a constant order parameter the gap equation Equ.(296) becomes
2m {c; + deym®} = 0. (299)

If m? # 0, we say that the system undergoes spontaneous symmetry breaking.
This requires ¢y to change sign at some T' = T.. The simplest assumption is

co=a(T-T.), a>0

such that (T, T)
_ 2 a\lc —
= — 300
m 1o (300)

The solutions of our gap-equation are then

/ o 1/2 <
= { T TS (301)

0 T>T1T,

with the constant o’ = \/a/(4cy).

Here we encounter the critical index ~, which controls how the magneti-
zation vanishes at the critical temperature

m~ (T.—T)" (302)

46Do you agree or do you feel cheated?
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with v = 1/2. We also notice that the derivative dm/dT diverges at the critical
temperature, signaling a singularity.
Now we observe

1. The critical temperature T, depends on the details of the physics to be
described. Since this would be a tall order for our model to live up to, we
left T, a free, unknown parameter.

2. Unless forbidden by some special requirement, the lowest order terms in
the expansion of the determinant are m(z) - m(z), [m(z) - m(x)]?. These
terms are required by the rotational symmetry of our model, which
excludes all the odd powers of m(x). This fixes the value of critical ex-
ponent v to be % We therefore trust this value to have a rather general
validity: it is called universal. See ~ [7], pgs. 285, 351.

We now include fluctuations to compute the x-dependence of the 2-point
correlation function. This is actually an inconsistent procedure. We first neglect
fluctuations, which forced us to set (m(z)) ~ m(z) = m. But we include them
now, to compute (m(x)m(0)). Yet the results provide valuable insights into
the physics of phase transitions.

In analogy to Equ.(92), we use Equ.(168) - with no factor of ¢ since our
setting is in our Euclidean. This shows, that the two point correlation function
gor(x) = (m(x)m(0)) — m? satisfies the equation

{2¢2 + deam(z)? — 2¢1V? b gar(x) = 6@ (x). (303)
Inserting m(z) from Equ.(301), we get
{-261V? +2)d/ (T, — T)} ger(x) = 6@ (x) (304)

with A =2 for T'< T. and A = —1 for T' > T... The solution with the boundary
condition ggr(00) =0 is

]_ e_‘xl/g 305
gor(x) = %T (305)
with 12
Joax(T-T,)7Y2, T>T.
5_{ a(T.—T)'? T<T, (306)

where a; = /c1/a’, a— = +/c1/2a’. € is called correlation length. It diverges
at T' = T, with the universal critical exponent v = % The ratio a4 /a_ is also

a universal parameter.

If you want to go beyond the mean-field picture, use e.g. the Renormaliza-
tion Group approach, which is beyond this note. You may check out [10, 17],
besides the books already mentioned.

Exercise 6.1
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Consider a massless boson in d = 2 euclidean dimensions. In analogy to Equ.(92)
its propagator satisfies
V2D, (z) = 62 (). (307)

Solve this equation and notice divergences for both small and large distances.
The small distance behavior is not relevant, if the system lives on a solid lattice.
The large distance divergence illustrates, why SSB of a continuous symmetry
does not exist in two dimensions. The small number of neighbors is insufficient
to prevent the large distance fluctuations from destroying the coherence in the
ordered phase. d = 1 is even worse in this respect. d = 2 is the lower critical
dimension for spontaneously breaking a continuous symmetry at a temperature
T > 0. Yet a discreet symmetry may be broken in d=2, but not in d=1.
Exercise 6.2

Show that ¢4 > 0.

Exercise 6.3

Show that m transforms as a vector under rotations. Choose a coordinate
system, whose z-axis coincides with the rotation axis. By definition v transforms
under a rotation around this axis by an angle ¢ as

'LZ/ (X/) = st(X%

with ..
Sy = &%
and the vector x transforms as
x = Ax
cosp sinp 0
A= sing cosp 0
0 0 1

Show that m transforms as x, i.e.

mi(x') = (") (X)) (x') = Aijp™ (x)o51)(x) = Aiym; (x). (308)

6.3 Superconductivity
Consider again the Lagrangian density Equ.(263)

L= 0100 5V = )i + GULUE by (309)

i=%

with the partition function

7= /D[zp,w*]elfd“wﬁ. (310)
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We will again integrate over the fermions, but now in a way different from
the previous section. The order parameter will be a charged field! In the
OQFT language, instead of the Hartree-Fock approximation with the charge-
conserving break-up

Wyl pp ) ~ @lo ) (wly,),

Bardeen-Cooper-Schrieffer(BCS) took the revolutionary step to decouple
the 4-fermion interaction as

Wyl pp ) ~ @lol ) piyo),

requiring the introduction of a complex charged order parameter A(x).
First convert the quartic fermion interaction to a bilinear one, a little differ-
ent from the analogous computation in Equ.(272). Notice that the integral

/ DADA*e G228 — g

where A, A* are two independent bosonic fields, is the G-dependent irrelevant
constant Cg. Shifting the fields A, A* as

A= A—-Gp_, A = A" = Gy, (311)
and noticing that this leaves the measure invariant, we get,

CeC J d aviw v vy

/D[A, A*]ef d4$[7A*TA+A*w+w—+Awi’¢'i]' (312)
Inserting Equ.(312) into Equ.(310) yields
Z= [ Divwripla,arjer ] dees) (313)
with the Lagrangian density
* 1 2 * * )k A*A
Ll Al =Y f (10 — 5~ V2 — )ty + A"y + AP - == (314)

i=%

From their coupling to the electrons, we infer that A(z), A*(x) have spin zero
and electric charge

Qa =-2, Qa-=2. (315)
From Equ.(309) it easily follows that our theory does conserve the electric charge

Op+V-j=0 (316)

with p = > ¥, j = >, ¥iVi,. This conservation law also follows from
symmetry arguments. The classical Noether theorem tells us:  To every contin-
uwous symmetry there corresponds a conservation law. Although this is true in
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classical physics it may fail in the quantum domain. Yet in our case it is true.
Our Lagrangian density L[y, A] Equ.(314) is invariant under the following U (1)

transformations
Ai — €2wéAi
* —210 A\ *
AF¥ — e A?
i — ey

* —ix *
i ¢ i

(317)

the starred variables transforming as complex conjugates of the un-starred ones.
To address the statistical-mechanical description of superconductivity, per-
form the analytic continuation ¢ = —u7 to obtain the finite temperature partition

function using Equ.(238)

:/D[waw*]D[A,A*]e_S[Bﬂ/),A]

with the action
S[B, ¥, A / dT/dSIEEi/}A

where

=D w0 +—v2+u)w A — Ayt +

=%+

Assemble the fermions into Nambu-spinors, as
— W) v = (1),

In terms ¥, ¥ we get

S[B, 1, A / d’l‘/d3 GA]

with
@ A
where o2
Oy =0-+ (% + )
V2
O_ = a‘r - (% + M)

With respect to O_ notice that
YO = 0- (Vi) — (097 )Y
ppr = —prp_p*
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G

(318)

(319)

(320)

(321)
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YEV2Y_ = V(o) — (Vi) (Vipo)
= V(* Vo) + (V2 )y — V(V*r )y_)

Although the 1’s satisfy anti-periodic boundary condition, the ¥y *-terms satisfy
periodic ones. Therefore the total derivative terms cancel in the action and we
get

* 1 2 _ _ L 2 *
VE(0r + 5=V ) =9 {0r = (5 -VE+ )yt = O

Since S[B,v,A] is quadratic in the fermion variables, we integrate them out
using Equ.(248) and include the determinant in the exponent to get

215) = [ Dla, a1 (324)
with the action
B ) ‘A|Z
S[B,A] = / dr / 3z o — Indet O[A]. (325)
0

From here proceed as in the previous ferromagnetic section, except for
the different O[A]. In the Fe-case the system had rotational symmetry in R?,
whereas now we have rotational symmetry in a two-dimensional complex plane,
as seen from Equs.(317). We again factor out O[0], which now involves o3, as

O] = 0, + (2 + )os. (326)
to get
OlA] =0[0]+o-A=0[0](1+0[0] 'e-A), (327)

where for notational convenience we changed

A = A =[ReA,—ImA,Q]. (328)
The propagator
1 v2 -1
Ds = 0[0]! = [aT + (5 +n) ag} (329)

has the momentum-space representation Dg(k) = [ dize’@™+k@) Dg(x)

—W — €03

DS(k) = w% T Ei

(330)

with € — % — .
There is no closed form available for the generating functional Z(8) Equ.(324).
We therefore have to resort to a perturbation analysis or some other approxi-

mation. Before discussing these, we add the following comments

o A = pe? is complex and therefore not an observable quantity.
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e Using OQFT-parlance: since A has charge two, yet the Hamiltonian con-
serves charge, it follows that A does not commute with the Hamiltonian.
Therefore there does not exist a common set of eigenvectors.

e If we select a particular value for A, we have also have to choose a par-
ticular value for its phase: we are spontaneously breaking charge
conservation. Yet any value for the phase will give equivalent
results! Due to the symmetry, the action does not depend on the phase

o.

e In the ferromagnetic case we had to choose a particular value for the
direction of the magnetization, thereby breaking rotational symmetry. We
are used to a ferromagnet pointing in a particular direction, blaming all
kinds of small external fields for the breaking. Yet in the present case,
who is supplying the charge, since charge conservation is broken?

We can argue as follows. SSB occurs only in the thermodynamic limit
M — oo. Nature may be very large, yet she is finite?”. In real life, we may
therefore approximate to any precision the SSB-state by a superposition of
charge-conserving states and nobody will create charges from the vacuum!

6.4 The BCS model for spontaneous symmetry breaking

We will study the phase transition, using a saddle-point approximation for
Z(B). Thus we look for extrema of the action S[3,A], where the integrand
dominates the integral [ D[A]. This selects the A(z)’s, which satisfy

0S[8, Al

2= _. 331
N0 (331

Here S[8, A] is given by Equ.(325)

B 2
S[B,A] = / dT/d% |Ag)| ~Tr,,InO[A]. (332)
0
The derivative of the first term as

dA(z)

To illustrate, how to compute the derivative of a term like ¢tr, In (1 + A[z]) with
z = A(x), take an arbitrary function f(A[z]), expand it in a Taylor series and
take the derivative d, = d/dz term by term

o0 (n)
d.tr(f(A) =d. ) JC(OT)‘L‘T(A”)
n=0 :

4TFor small enough samples one observes finite-size effects!
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(0

rld;AA. A+ Ad AA+ L AA.d AL

-2

Now use the circular property of the trace get

d.tr(f Z n—l tr {A"1d A}—tr( (A)dZA), (333)

where f/(A)d,.A is a matrix product with a sum/integral over common indices!
Thus we obtain - with A(z) = A, for notational simplicity - for the func-
tional derivative

o OAA,] } (334)

52 try{ In(A[A,]} = tw{(A[Ay}) OA.

This yields with the trace taken in z- and o-space

5 5
ETT{ ln(O[Ay]} - SA(7)

:Tr{((’)[()]—i—A(y)-g)l (8 5(4)(58—?;) )}
Tr{(O[O]+A(:z:)~U)_1 < 0 )} (335)

to get the gap-equation

A Tr{(om} FA@)-o) ( b o >} (336)

We first seek solutions for constant A(z) = A. To compute the trace in the rhs,
we go to Fourier space and use Equ.(330) for Dg(k). The matrix O[A] in the
trace to be inverted is block diagonal in momentum space, so that the inversion
replaces the 2 x 2 blocks by their inverses. We have recalling Equ.(323)

T%{<@[O]+A.a)l < - >}:Trkg{(0[0]+5.a)l< - )}
{5 L2) T (00)]

=Tr {(lw—'_ik -A )‘ _ = }ztr —A* -
ko A" w ek ) 121 w2+ €l + AP kw2+ei+|A|2’

(337)

where the indices ¢ = 1,7 = 2 label the matrix element in the 2 x 2 matrix

selecting —A. The expression 2 = €2 + |A[? is called the dispersion relation
for the Bogoliubov quasi-particles ~ [7], pg. 272.

Trn{[0)0] + A(y) - o]}
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Thus the mean-field gap equation is

2A A

The w-integral in the tr, = [ dw [ d3k is actually a fermionic Matsubara sum?®.

With w — w, = w we get

1 d3k
try — ﬂn_zm/w

If we want to describe the phase transition occurring in some real material,
we have to inject here some information about its physical details. They are
thus non-universal inputs. To execute the [ d3k, recall that the attractive
phonon-mediated interaction responsible for the BCS superconductivity, occurs
only in a thin shell of the order of the Debye frequency wp < ep around the
Fermi surface - ~ [7], pg. 269. Therefore we have

/ (;l:;s = [vioue~vier) [ e (339)

where v(ep) is the electron density of states at the Fermi surface.
The gap-equation in this saddle-point or mean field approximation is

WD oo

0= A{ . é + kpTv(er) / de Y <wzl+5;§>} (340)

v —wWD n=-—00

with G’ = G/2 required to be positive and ¢ = €2 + |A[2. The solution of
this non-linear integral equation yields the temperature dependence A(T) of
the order parameter. Concerning the phase of A, we again have now two
possibilities

1. Either A = 0, in which case the phase is irrelevant.

2. Or A = pe'? # 0, in which case we have identical physics for all values of
the phase ¢. The theory only tells us that A lies on a circle of radius
p # 0. In the jargon of the trade we say: the selection of a particular
phase ¢ spontaneously breaks charge conservation! We choose the
phase of A to be zero for convenience.

Choosing the solution with A # 0, we have

wp 0 1

1
a:]’CBJ"V(€F)/\ de Z m

—wD n=-—o00

48Remember that O[0] and therefore Dg are fermionic operators!
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Using

[e.°]

1 mtanh(nz/2)
k:z—:oo x? + (2k — 1)2 dx ’ (341)

yields with g = v(ep)G’

tanh ( VAR )

2kpT

wp
1= de —
o[ e i

The superconducting phase is characterized by A # 0 and it vanishes at the
critical temperature 7.
Setting A = 0 in Equ.(342) we get an equation for the critical temperature

wp  tanh(z-<
l=g / dew. (343)
0 2¢

(342)

Since in many cases of interest wp is large, we would like to make our life easier
setting wp = oo. But the integral in Equ.(343) would be divergent. In order to
extract the offending term, we integrate by part obtaining a tame log-term and
an exponentially convergent 1/ cosh? term as

wpD th wD
dx—x =Ilnwp tanhwp —/ dx
0 T 0

Inz

. 344
cosh? z (344)

We approximate the second term, extending the integral to oo to get for large

wp o
“D 1 1
/ dp—— = / dz——— = —log(4B), (345)
0 cosh®x 0 cosh”

with B = €% /7. Further using tanh(wp) ~ tanh(co) = 1 we obtain

“P thx
dx7 > lnwp + In(4B) ~ In(4wp B). (346)
0

This yields

2¢¢ !
T, =% hwpe s, (347)

™

with £ reinstated to highlight the quantum effect. Notice the non-analytic de-
pendence on g. This equation for T, explicitly shows its non-universal char-
acteristic.

To obtain the zero-temperature gap A(0) set T =) in Equ.(342)

wp wp + 1/ w? + A0
1= g/ de = %m b ADO ( ) (348)
0 2\/e+ A0) (0)
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or

A(0)e9? = wp + \/m. (349)

Comparing with Equ.(349) we get for large wp

A(0) ~ k%TC- (350)

We now extract the critical behavior of the order parameter straightfor-
wardly and without approximations[21]. For this purpose we choose A real and
parametrize as*®

A _ ﬂ B ﬁc a.
A(B) = a( 5 ) i B~ Be. (351)
This yields for the derivative 8/3A2 = 885; as
0 a>1/2
; 2 _ 2 _
T’ILH’}’C OpA” = qa’/f. a=1/2 (352)
00 a<1/2

The non-linear integral equation Equ.(342) for the order parameter has the
solution A(,wp, g), depending on three parameters. Substituting this solution
into Equ.(342) yields an identity. Differentiating this identity with respect to
easily yields the following relation

f"-’D de
0 cosh? %

9pA*(B,wp,g) = (353)
WD de BE BE
f() D ﬁ(tanhT ~ Joosh? BE ETE)
with B = \/e2 + A®,
Taking the limit T"— T., A — 0, we obtain
2(kpT.)? tanh “Bfe
0<a?= (hpTe)” tanh < 0 (354)

wpPBe dx . T T
fO 3 <tanh 2 2cosh? £ )

2

implying & = 1/2, as is to be expected for a mean-field theory. Notice that the
above integrand is finite at x = 0. As illustration we evaluate the integral for
wpPBe = 10 to get

_ TN 3
A(T) :3.10~kBTC(17 ?)2, T~T,. (355)

We therefore obtain the same universal critical exponents as in the Fe-case
as is expected for mean-field models.

49 Although the standard nomenclature for the order parameter’s critical exponent is 3, we
use « to avoid confusion with 8 =1/kgT.
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Also for the superconducting case, we can write an effective action analogous
to Equ.(295), which includes lowest order spatial derivatives of A(z). Using
Indet O = Trln O, we expand the log in Equ.(325) as

Trin(1+ Dg(x)A o) =) %Tr{ [Ds(z)A - a]”}. (356)
n=1

Due to the tracelessness of o - or just by symmetry - all odd terms are forbidden.
We therefore get including only the even terms

Trin(1+ Dg(z)A - o)

= %Z%TT{[D5A~UD3A'U}7L}. (357)

n=1

Reintroducing the log, the action is

S[B, A] = /03 dr /d%Ag)Q

f%T'IQ,;_(, In {0[0] {1 + (DsA-oDsA - o) (z)} } (358)

Here we only compute the second order term in the log. Referring to Equ.(289),
we trade m(k) for o - A(k) to get

TT‘kJ [Dsd' . ADso' . A]

—tro [ e | [ e A WDsta + B - ABDs(a)|.

Here we have replaced o - A(—k) by o - A*(k) to expose charge conservation.
In Fig.(3) o - A*(k) creates a charge Qa- = 2 at the left vertex, which is
destroyed by o - A(k) at the right vertex.

Inserting the momentum-space propagator Dg(g) from Equ.(330) yields

Ds(q)o - A*(k)Ds(q + k)o - A(k)

dq —Wg — €q03 —Wytk — €lt-g03
- CAF(f) Wtk — Ck+qT3 A } 359
/(27r)4{ w? 4 €2 7 (k) Wa T Rag - Ak) (359)

To take the tr,, we choose axes such that ZmA = 0 and only A;-terms sur-
vive®Y. Using o30;030; = —1 fori=j =1 we get

d*q A7 (k)A;(q)

(2m)* (wg +€g) W2y +€ai)

[Dso' . A*DSU . A] (k) = 7/

X (%‘ (WqWqtk + €q€qtk) + 20335 (EqWqtk — wq6q+k))~

50 At any time we may invoke rotational symmetry to restore general axes.
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The trace over o kills the o3-term, resulting in

d*k
(2m)*

with the polarization tensor up to second order

A (k)T (k) A (k) (360)

Tri,o [Dso' -ADgo - A} = _/

d*q WeWqg—k + €q€q—k
(2m)* (w2 + 6(21)(W3—k + Ei_k)

) (k) = 6y (361)

Expanding I1() (k) to second order in k, we get the quadratic terms |A|?,|VA|?
in a Ginzburg-Landau action for A, analogous to Equ.(295). We complete the
Ginzburg-Landau action adding the zero-momentum fourth order term |A|%.
Comment 2

Here we are dealing with equilibrium statistical mechanics, so that
we have no time-dependence. Therefore the absence of time-dependence
is not a shortcoming of the saddle point, as is sometimes implied in
the literature. For example the classical saddle point in Equ.(149)
obviously does not exclude time-dependent dynamics.

The gap equation Equ.(336) selects one particular trajectory, mean-
ing we abandon doing the path integral. Since in our approach
quantisation is effected by path integrals, the gap equation is al-
ways a classical statement and we neglect quantum effects asso-
ciated with the path-integral over A. Quantum effects associated
with 1 were treated exactly.

So you may ask yourself how we got a quantum result with & showing
up explicitly in e.g. the critical temperature Equ.(347)? Recall,
that an enormous amount of physics was smuggled in, when we were
required to do the integral in Equ.(347) over d®k. Stuff like the Fermi
surface, Debye frequencies etc. All of these are quantum effects.

Why in contrast to this in our modeling ferromagnetism Equs.(296)
no quantum vestige shows up? The quantum effects there are hidden
in the non-universal quantities ¢y, cs, c4.

Exercise 6.4
Expand I (k) to second order in Vk. Extract the A*-term in the In to obtain
the Ginzburg-Landau action.
Exercise 6.5 (The Meissner effect)
We use the Ginzburg-Landau model for the doubly charged field A(z), renamed
i to unclutter notation, of the previous exercise to study how an applied mag-
netic field penetrates the superconducting region.

As we are dealing with equilibrium statistical mechanics, there is no time-
coordinate. Thus we take as our effective superconducting Euclidean Lagrangian
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for the doubly charged field ¢

LRV 1 ! A
Lar = 537 Vel +V(9), V() = —5a(D)lel* + 3b(T)lel", (362)

where M = 2m. The coefficients a, b are non-universal, but obey
a(T)=d (T.—T),a" >0, b(T) > 0.
Ly is invariant under the U(1)-symmetry

o(z) — @(x)e'? | § = constant. (363)

The standard way to couple an electromagnetic field to charged matter, e.g.
the charged field of sect.3.4, is the minimal coupling. This replaces the ordinary
derivative®! 9, by the covariant derivative

Oy = Dy =0, + 194, (364)

where ¢ is the charge of the matter field. Here we only use the spatial part
V =V +1gA.
Show that under the gauge transformation

Aa(2) = Aa(2) = dan(2), p(z) = p(z)e " (365)

D, transforms as ¢(x) and therefore the combination | D, ¢|? is invariant. This
extends the symmetry of Equ.(130) to the local gauge symmetry as required by
the electromagnetic Maxwell Lagrangian £ = —iFWF’“’ = %(E2 — B2) with
F,, = 0,A, — 0,A, and its Euclidean version Lg = %(E2 + Bz).

Under minimal coupling our Euclidean Lagrangian Equ.(362) becomes

L WV — qA)<p|2 +V(p) + %(V x A)?, (366)

1
- 2M (
where M = 2m,q = 2e and B = V X A and we added a magnetic, but not an
electric term.

We now make two comments.
Comment 3

Whatever transformation or field expansions we perform, the gauge
invariance Equ.(365) will always hold. Otherwise we would not
even be able to compute the gauge-invariant magnetic field as B =
V x A. A gauge transformation just changes the way we describe
the system, leaving the physics invariant.

Comment 4

51'We are using units ¢ = h = 1.
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We will use our gauge freedom to choose particular gauges for our
convenience. Recall that choosing the Coulomb gauge V- A = 0, in-
stead of the relativistically invariant gauge 9, A" = 0, is convenient,
because the field A will be transversal in this gauge. Yet this does
not mean that we are obliged to break relativistic invariance.

Only gauge-invariant quantities are observables. Statements involv-
ing gauge dependent fields like A, ¢, may be true in one gauge, but
not in another: they are gauge dependent and may therefore be
misleading.

Show that the equation of motion for A is
VZA-V(V-A)=-VxB=—j (367)
with the gauge invariant current

5= e — et - Ligla (368)
B) P VY —pve M plA.

For T > T, the potential V() has a minimum at |¢| = 0, but for T' < T, the
minimum is at

o = a/b=mns,

where n; is the density of the superconducting carriers. This minimum condition
leaves the phase 8(z) of the complex field ¢(z) = p(x)e*?™®) undetermined.

To simplify our life, we choose the particular gauge in which ¢(x) is real, i.e.
we set 0(x) = 0. Choosing this phase for ¢(x), we have spontaneously broken
the U(1)-symmetry Equ.(363), although this is a gauge-dependent statement.
For T < T, we expand around the minimum as

’cp(ac) = /ns + x(x), x=real. ‘ (369)

The Lagrangian now becomes

L= ﬁ [(VX)2 +q2(\/ni+x)2A?} —V(Vns+x) + %(V x A)?

~ Lt ramye + a1 L v x4y
T VX A 2
2
_’_2(17M (2\/7”75)( + X2)A2 + (higher order x terms) (370)

2 2
with m? = €% = €0

Mb T M -
Taking the rotational of Equ.(367) yields, upon neglecting fluctuations of
the field x
V2B =m’B. (371)

Consider a superconducting material confined to the half-space z > 0 with a
magnetic field applied parallel to the bounding surface, e.g. B = Bz. Show that
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inside the superconducting medium, the magnetic field decreases exponentially
with magnetic length

1 bM bM
- = = 2 9
&s m? V aq? \/ a’q2( ¢ ) (372)

The x-dependent quadratic part of L5 shows, that the coherence length of the
order parameter field x is

& = [2Md' (T, — T V2. (373)

Show that the equation of motion for ¢ is

o170~ 4A)%6 — a(T)g + H(T) oo = 0. (374)

Using this equation show that

2 2
A
Vij=-—"57V A (375)

In our gauge Equ.(368) becomes London’s equation
¢ 2
J =57 (Vs +x)°A. (376)

To check what happens, if we keep the 6-field, let us neglect fluctuations in
p and set p = /ng

p(x) = \/nge™). (377)

The Lagrangian then becomes, up to a constant

Ng

T oM

L, (VO —qA)? + %(V x A)2. (378)

We define a new gauge-invariant field A as

qA =qA — Vb (379)
to get
2
- 1 -
L, = ’%AQ +5(V x A (380)

The 6-field has disappeared into the massive A-field and there is no trace left
of gauge transformations.

Exercise 6.6

Obtain the Lagrangian analogous to Equ.(378), keeping a fluctuating p-field.
Exercise 6.7 (Resistance conduction)

The designation superconductor calls to mind the absence of resistance to cur-
rent flow. Current flow, unless stationary, is a time-dependent phenomenon,
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outside of equilibrium statistical mechanics. Yet, let us suppose Equ.(368) to
be true for slowly varying time-dependent phenomena. Consider the situation,
when the order parameter is ¢ is constant - Vo = 0 - and take the time-
derivative of Equ.(368)
dj @*ng dA

d M dt’ (381)
Since we have not included the scalar potential Ay in our formulation, we are
obliged to use a gauge in which Ay = 0 yielding E = —0; A. Hence we get

dj _ ¢°ns

— = 382

dt M (382)
Check that from Newton’s equation F' = ¢E = M%—;’ and J = gnsv, we get

exactly Equ.(382): current flows without resistance! Resistive flow would modify

Newton’s equation as
0
M—at; = —M/rv+E, (383)

where 7 is a time constant characterizing the friction.
Comment 5

Suppose we include a 7 dependence in our GL model Equ.(366),
adding the terms®?

1 1 ,
— (07 — qAo)p|?, —Fo; F"
oM |< T q 0)<P| ) 4 017 )
which are dictated by gauge-invariance. One then argues that this

leads to the appearance of an electric field through F = —0, A and
taking the 7-derivative of Equ.(368) one gets

2
q°n
—’La-,-J = WSE
Then, appealing to analytic continuation, use —1d; = 0; to recover

Equ.(382).

But notice, that we started from a theory indexed by [t,z,y, z] and
analytically continued to [7, z,y, 2], having traded time for tempera-
ture: we cannot have both! In fact, if we now continue back reinstat-
ing a time variable, we would describe a theory, where our potential
V(¢) would have time-dependent coefficients a,b. This is not what
you want!

You may see many papers in the literature about GL models includ-
ing time dependence, quantising them etc. Nothing wrong with this,
but this is not supported by our microscopic model (which actually
may not mean that much, given that our model is extremely sim-
ple, probably as simple as possible with a lot of physics injected by
hand).

52Notice that these time-dependent terms are unrelated the non-commutativity of ¢ and p.
In fact in Equ.(211) we chose At small enough, in order to be able to ignore this effect.
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Exercise 6.8 (The Higgs Mechanism)

The Higgs mechanism is the relativistic analog of the Meissner effect of the
previous exercises. To illustrate it, we will use our singly charged complex
scalar field ¢ with Lagrangian

Lar = 5(0u9)" (0%%) ~ V(») (354)

where V(p) = —1p20%¢ + TA(¢*9)%, A > 0. Ly is invariant under the U(1)
symmetry given by Equ.(130), namely

© — e (385)

with constant 7. Minimally coupling ¢ to an electromagnetic field with the
substitution
On = Do = O +1qA4, (386)

we get
1 L (P
L=—1FapF*" + (Do) (D) = V(). (387)

L is now invariant under the gauge transformation (365).
For 12 < 0 the potential V() has a minimum at ¢ = 0, but for u? > 0 the
minimum is at the constant non-zero value

2
o2 = “7 = 2. (388)

We therefore expand the field ¢(z) around this minimum as
o(z) = eX@/V (y 4 o(z)) = v+ 0 + 1x(z) + ... (389)
The field x(x) is called Nambu-Goldstone and o(x) the Higgs boson. Obviously

we explicitly maintain gauge invariance.
Show that the Lagrangian becomes

1~ -
L= —ZFQBF‘XB + 0000% + (v 4 0)*(qAn + Oax/v)* = V(v +0).  (390)
As before we introduce the gauge-invariant field A, as
~ 1
qAq = qAy — —0aX- (391)
v
This absorbs the Nambu-Goldstone boson into the A,-field and the Lagrangian
becomes )
1~ = m5y « = 1 1
— _ = aB | TPA a = o L2 2
L 1 g F P + > A A% + 25a08 0= 5Me0

1 .
—|—§eza(2v + 0) A A% — \vo3 /16 — Ao /4, (392)
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with the vector and boson field’s masses

m = (ev)? = /A, m = i + 30?4 = T /4. (393)

The Nambu-Goldstone boson has disappeared from the Lagrangian and we are
left with a massive vector field and no gauge freedom.

Exercise 6.9

Repeat the previous exercise using the gauge in which ¢ is real.
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