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Electromagnetism and QED

Classical
_ 4,1 Quantum
SMaxwell = fd XZF/,LVFNV

A\ [IDAJO(A)e SMaxwelllAl
(O = oae Smwal

Fermions ¢(x) With Smater = [ d*x (D + m)y
—Ez By —B)( 0

Fuv = 0uAy — By Ay, Au = (&, A). JIDAIDY]IDFIO(A v, %)e~ SeeplA w71

0) = _
R JIDAD][Dp]e™ SQED ¥

Gauge transformation: A, — A, + %Bua(t, X)

Abelian group U(1): 18, = LU, U~", where Gauge transformation ¢ — U, ¥ — pU~!
U=e¢~

Gustavo M. Simdes Ensemble of topological defects and the confining flux tube



Yang-Mills theory and QCD

Non-Abelian Gauge group SU(3): SSt =T and det S = 1

o [ ] [ ]
Ai=| o o o |WithTrA, =0and A, = A,
o [ ] [ ]

Gauge transformation: A, — SA.S™" + £89,5" and ¢ — S¢), P — 9§~
Fuv = 0uAy — OLAL + g [AL, AL

Sym = § [ d*X Tr Fuu FPY, Smaer = [ d*X Trp(D + m)y

_ JIDAIDY][DF|O(Aw e~ SeclA )
JIDA|[Dy)[DF]e ™ Sacl ¥ ¥]

©)

Can also be generalized to SU(N) and confinement remains
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Wilson Loop

Wh(Ce) = 1@ trD (P {e"fce X Au(X)})

@ In the heavy-quark limit, (Wp(Ce)) ~ e~ T Yo(A)

- R U
o Lattice: Vp(R) =opR+ % + O(1/R?)
@ In general, confinement leads to an Area Law
@ Lascher Term: v = —45(D — 2) o q o 3 o

Figure: Rectangular Wilson Loop
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The role of center vortices
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Figure: Static quark-antiquark potential for the untouched, vortex-removed and vortex-only lattice simulations. From Biddle, Kamleh,
and Leinweber (2022).
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Simplest example

© Au=j0ueB-T

° B=1Vx(Vp)B - T=

2
g

6(2)(X7y)6 - T

@ 0O, gives the vorticity while g - T gives the s

center...icity (?7?)

@ Can be created with a singular-valued gauge

transformation: A, = £59,571, § = e'?#T

@ ¢ — x changes the vortex core location

Ql—

— @ gives thickness to the vortex

@ Non-Abelian d.o.f.

Gustavo M. Simbes

Straight vortex around the z axis.
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Center vortex and Wilson loop

o We, [Au] = fu (P {effce o, Au(x)})

o We) = [ [DAWe, [4,] oS

@ Center vortices are worldsheets/worldlines in
4D/3D

o We. = (o)

e

Kk

o Z(N) = {e*N |k=0,1,...,N — 1}

B

Center vortex line linking a Wilson loop.
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Roots and weights

@ Weights are (N — 1)—vectors whose components
are the eigenvalues of the diagonal generators Tq
of SU(N).

@ Roots are (N — 1)—vectors defined via the
commutation relations of the su(N) (also as the

eigenvalues of Ad(Ty)).
@ For SU(N), ajj = wj — wj.
@ B1+B2+...+Bv=0.
o Au=10upp T = WelA, =%

® Ay=jupa-T = WelA]=1.
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Figure: Roots and Weights of SU(3).
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N-lines correlations

@ Can be regarded as (N — 1) loops, although with
different probability.

Au = Z:\iﬂ Bi- T Ouxi

o WAl = (ei27r,81-we)L1 m(eizwﬁ,\,_rwe)LN

Only works because 81 + B2 + ... + By =0

Gustavo M. Simbes

Bi( / Bz{

N-vortex matching configuration. From Junior, Oxman, and Simdes
(2019)
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Monopoles

@ Monopoles are worldlines/instantons in 4D/3D

@ Cannot exist isolated. It must be either attached P

to a Dirac string or something else.

@ In SU(N), something else could be center

vortices, carrying weights 81, 8.

@ In this case, the monopole carries a root

a = By — B2 as its charge

@ Can also be created with a singular-valued gauge
transformation:

: ; ; Non-oriented vortex with a monopole in the middle. From Oxman
A= ésa‘us—1 . S= el<p51~Tel\/N6Ta (2018) p

@ Notice that S(i, 6 = 0) = €¢#1'T and
S(g07 0= 7r) — gleB-T

Gustavo M. Simdes Ensemble of topological defects and the confining flux tube



Confinement phenomenology

Transverse profiles of the confining string. From Cosmai et al.

(2020)
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Too,rv(0) [GeV/fm?]

Energy-momentum tensor of the confining string. From M. Kitazawa
and R. Yanagihara (2019)
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Scaling Laws

@ Fundamental quarks: ¢ — S

@ Higher irrep. quarks: 1) — D(S)y

idi i . o(D) _ Cp(D)
@ Intermidiate distances: o = G

@ Gluonic screening for large r

Vp(rfaa)r,

7 2m\ K
o N-ality: D (6! ¥ /) = (e'zw) I

@ k-Antisymmetric irrep has the smallest quadratic

Casimir.
3 c 0 0.5 1 o 2
@ Large rin 3D: o,(( ) = k%\’;k) = é('&’)\) ’
2 Casimir scaling for SU(3), from Bali (2000). The length ry ~ 0.5fm
@ Large rin 4D: a,(:” = k(,C’:f) or o‘,((4) = S:nk:/,{,\’

Gustavo M. Simbes Ensemble of topological defects and the confining flux tube



General Strategy

Yang Mills theory
Zyy = [ [DA] =S

Observables

Ok, T;u/

—  Sectorization — ?27??
ZYM—ZZ(SO
N
< Effective Model <« Ensemble

Svmi(Myis Pa) (W(C)) =Y e 5Wzf(w,C)

Gustavo M. Simdes
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Worldline ensenble

@ Polymer Techniques
Lk 1 k) (R
oo dL dsy |5
O Zugalbul = X520 3 TTioy J5° S [ o Jland®lLg o™ 0" o8 Lo 97004y

@ 4 is the string mass density and « is the stiffness. The percolating regime is realized when p < 0 and

Kk > 0.
@ It can be shown that Zioops[by] ~ (det 0)~" = [[dg] e~/ ©*x¢"06 where O = — L (9, — ibu)? + uly
@ A Contact interaction can be included in order to generate a ¢* term.

@ Extended models can include more exotic interactions
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N-lines correlation

Au = ,li711 Bi- TauXi

WelAu] =
(eizw B4 <we)L(3(C)J1) o (ei27r BN_1 -we)L(S(C)J(Nq))

N possible charges lead to N fields in the effective

model, which can be arranged in a N x N matrix ¢

L= 5 Tr((Du®) Du®) + pTr(dT o) —
&o(det  + det o)

Gustavo M. Simdes

An N center-vortex creation-annihilation process.
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Chains of vortices and instantons

o S=ITW(x), Au= ;50,5

@ Ex.: S(p,0) = el¢ BT gioVNa-T

e S(p,0) =€ T eS(p,2r) cx elehT
0 Ving o Tr(®T Ty Ty)

] Seff(¢7 bH) =
f d3x (Tr (D @) DHO® + V(d, dT))

o V(o,0f) = 3Tr(oTd — 22/y)2 — ¢(detd +
det ®T) — ITr (T TpdTy) + ¢

Gustavo M. Simdes

X3 Xn

A chain configuration, with n correlated instantons, linking a Wilson
Loop C
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Effective model in 3D

Action

Setr(P, b)) = f d®x (Tr (Du®)TDH O + V(d, oT))
V(®,0T) = 3Tr (oTd — 22/y)2 — £(det d + det dT) — ITr (ST T4dTy) + ¢

Polar Decomposition

®=PU
V(P,U) = 3Tr ((P? — 22Iy)2) — £ det P (det U + det Ut) — 9Tr (PTAPUTU')

Vacuum
P=vy, UeZN:{e’zLA/’IN’n:O,1,2,...,N—1}
2AN(v2 — &%) —2¢NvV=2 — 9 (N2 —1) =0
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Domain Walls

x

@ & must be in the vacuum at P and Q

o lim ¢’(X1,X2,X3) =viy
Xy —>—00

o lim ®(x,x,x3)=ve?mleT e
X{—+o0o

(] Seff ~ A

@ = f ax (Tr(@xd))faxcb + V(¢,¢T))
Aring R that goes through the center of the Wilson loop. The red
surface is the one where s, is concentrated.
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Soliton Ansatz

Profiles definitions

® = (nly +noB - T) &P Tel>

82 5f = M2 5f
2_
M2 = X(3v2 — &) — ¢(N — 1)vN-2 — Rl
M2 = X@v2 — &)+ V=2 + 25
M2 = NgvN—2
M =3

2
Casimir Law

A2, evN—=2 5> 9
920 = g sin 6
ek = 2v2 [ Tr(9xST0xS) dx = v2BePe [(8,6)2dx
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Ensemble in 4D

@ Ensemble of worldsurfaces is still lacking. The

resulting order parameter would be a string field V(C)

o SV =
=3¢ X peno) [V(C+P)UpV(C) + V(C — p)Up V(C)]+ D
ScmPV(C)V(C)

o Up= ei@Buv(p)

e Inm<0,V(C)=wI[V, V,eU®).
lec

2rk
® Buv — 55 Suw

o In analogy with the 3D case, the resulting action is Figure: Configurations with open surfaces do not contribute while

S= f d4X<F (\) —s )2 configurations of closed ones do.
- v v

@ Monopoles are represented by adjoint 1,
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Effective model in 4D

fd4 % s;w) %< ;ﬂl)h u¢/>+VH(1/"))

o W(y)=c+ & (¢A,¢A> 5 fasc(va N B, Ye) +
3 (ba N, vang) , (N2 — 1)? perfis de Higgs

° Au=1S9.571,
@ Y4 =VvST,S 1, v=—5%+

@ Model is unstable for u? < 0

Gustavo M. Simdes
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Flux tube ansatz

o Aj=S8A;81+ ésa,-s—‘
-(—True Vacuum
@ Yp = hABSTAS*1 , S= eleB-T , B= 2NAK

° Ai=210pB T = N=50ipp- T
False Vacuum
@ a(p—>o0)=1,a(p—0)=0 l

@ hag(p — o0) = Véap

@ STgS '=T4, ST,S ' = -(—True Vacuum
cos(a - Bp) Ta —sin(a-B¢) Ty

. Flux tube between static charges (Wilson loop)
@ ha(p—0)=0 if a-B#0
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Case k =1

Collective behavior

ho ifa-B=0
he = hg = s hgp = hiMilgp + hoMa|gp , hp = ho
hifa-8=1

Form equations

%%ﬁ - 302 _g2h2(1 _a)
V2h1 = u2h1 =P (Iﬁ: P )\h1)h2
V2hy = kg + THOEE (o L o)

2
v2h = p2h+ L= h 4 30 4 {528 b (2 + Aho) + GEe230 g
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Numerical Solutions

Profiles a(p) and h(p)
Profile hy(p)

)

3 i 0 0 W 20 .
2 0 ® 0 0 pl
Profiles a(p) and h(p) for different values of 2.
The profile a is the one that goes linearly to 0 Profiles hy(p) for different values of ul.

when p — 0.
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Case k > 1

New Profiles

h ,Sea=4a
0 0 hap = M Mi|go + hoMa|gp + h3Ms|qp

ho =4 hy, se a = ap .
ho = hy , hs = hy
h sea-g=1

- f ddx MEH (—'Vi'z + R0 - a)2) + k(N — k) (|Vh[? + p2H?)
2 2 . -
+3 (IVh 2 + p212) + Q=L (1T P + i218) + 551 (1902 + u2FR )
+>\#h4 + Ci(hy, ho, Bo)P? + Co(hy, ho, o)

Casimir Law

Atu2 =0, B = kN=KE,_,

Gustavo M. Simdes Ensemble of topological defects and the confining flux tube



Numerical solutions

Comparison with Sine law
Comparison with Casimir law A
Ac
0.15] k=2
- N BT .
,,,,,, Ny g ey it o B ]
] N —
i oos
b
AN
e , p?
B
Plot of A¢(k), i.e. the relative deviation of the g!ot olj As F\lk)" |.e.r:he dre[anye t‘:lewatlohn;f the
Casimir Law. ine Law. Notice the deviation is much bigger in

the explored parameter region.
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k-symmetric representations

Ni=SAS™'+ 189,871, ya=hpgSTaS™", S=€7T, B =2Nkuw

Energy at u? =0
2
wET = f x s (% + (1 - a)2) + (VAR + p2HR) + 2 (1R — v2)?
In the BPS point A = g2, we have Ex = kE;
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BPS for a general irrep.

BPS equations

By = B, =0, D34 = 0 + translational invariance
Di¢a =0, Diyyg = Dotpg =0
By =g % (valava = [6a:ch)

A= SA;S + éi,sa,-sf1 , S=¢eeBT  B=2NA

Yg=Tq, Ca = SE,S1
N—1
A= % 2290 (2NN) - T
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Asymptotic scaling law

BPS Energy

e= J ox (4838 + £ (DL DiCa) + V()
o>
e=4Nmgv®XP .25, 26 = 3"
J>i
Quadratic Casimir — Co(AP) = AP . AP 1 \D . 25

Young Tableaux

N—1
(T AP =5 dAR = m— my
. =1
D R/—J N—ality < # caixas mod N
k
Young tableaux for the k-A (left) and k-S (right)
representations k—Sym.: my = k

k—Antisym.: mj<q = 1
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Calculation of 3 - 26

Lowering boxes

[ ] AB- 26:N2An—N—+12Am,l
J ForAn—Oandl<J
L Amy = —Am, =1
Uma transformagéo que diminui 3 - 26. AB-25 = N+1 (I -J)<o

Upper-left justified tableaux

{D {%}
AB-25 =2 (N—k)>0

Generalized by induction

Antisymmetric tableaux with k boxes (left) and k—Antisym. has the least value of 5 - 26

symmetric tableaux with N + k boxes (right).
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Local gauge fixing

@ Singer theorem

@ Doesn't hold if the fixing is made by sectors and if those sectors are disjointed ¥, C {A.}:
{AL} =Ua¥a , 9aNidg =0 se a#f

The procedure

Saux [A7 ’lﬁ]
S —0e Dy > 0, |x| = 00 = WA
Polar decomposition: ¢; = Sg;S™!
Gauge transformation: A, — AY , q[AU] = g[A] , S[AY] = USIA|

Fixing S = S also fixes the gauge
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Local gauge fixing

2
Ex.: Viu(e) = ¢+ L& (a, a) + §fasc(¥a A ¥, vc) + 5 (Va A g, ba A vp)
For A, = g ipB - T, we know tat 14 = hABSOTBS(;1 , So = eleBT
Boundary conditions: hag(p — o) — Vs

Pure Module: ga = hagTg = > [qa, Tal = ifaschas Tc = 0 since hyp is symmetric by A <+ B
A

Important requirements
@ Uniqueness of the solution 4

@ Injectivity: 9(AY) = ¢(A) = U € Z(N)

@ Unique polar decomposition
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Thanks for your attention!
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