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SU(3) flavour symmetry
Diogo Boito

Mainly from “Modern Particle Physics”, bfj Mark Thomson

Diogo Boito, Sep 2022 University of S&o Paulo



Flavour SU(3) 2

Extension of flavour SU(2) to include the s quark

=42/3
d S b Q, = —1/3
w,d ~ M My ~ 1.2 GeV
Mu,a 5 MeV m+ ~ 170 GeV
ms ~ 100 MeV my ~ 4.8 GeV

TNy d, s < e bt

The mass of the s quark is smaller than the masses of the ¢, b and t quarks and the
typical binding energies of hadrons. But mgs > m,, 4 .

Diogo Boito, Sep 2022 University of S&o Paulo



Flavour SU(3) :

Extend quark flavour rotations (3x3 matrices)

u’ u U11 U12 U13 u
d |=U|d|=|Uy Up Uxs || d
s’ S Uz1 Usp Usz )\ s

* Ox2=18 real parameters
» pbut unitarity imposes 9 constraints

« out of the 9 matrices, one is the identity: we need to build 8 generators.
fundamental (defining) representation of SU(3)

i | 1 0 0
[ = ¢t T=22 u=[0|, d=|1| and s=|0
2 0 0 1

But SU(3) D SU(2)

Paull wakrices

(01 0) (0 =7 0) (1 0 0) Third component of isospin is how
A = 100, Ay = 1 00 /132 0-10 ngﬁ
L0 00 .0 00 L0 00 2

diagonal generator

Diogo Boito, Sep 2022 University of S&o Paulo



Third component of isospin is now (1 00"
)\3 /13 — O -1 O
T3 = —
2 0 00

s quark doesnt
(‘ Carry E,sc:»spm

Tsu=+3u, Tzd=-3d and T3s=0

Isospin ladder operators remain the same: 14 = 17 =115

There should be two additional embedded SU{2) for © <> S and d <> S

001 00 —i (10 O

A4 =1000], A5=[100 O and Ax =100 O

100 10 0 L0 0 -1
but)\gz)\x—)\y

(00 0) (00 0) (00 0)

=10011], A7=100 =i and Ay=]01 O

010, 0 i 0 00 -1

We eliminate one of the linearly dependent matrices:

00 0 10 0
=01 0 +% 00 0

\500—1 00 -1

1

3

10 O
01 0] This combinakion leaves the

00 -2 Light quarks unchanged.

2nd diagonal generator: the group is "rank two”

Diogo Boito, Sep 2022 [SUW) has n-1 diagonal generators] University of S&o Paulo



SU(3) generators: Gell-Mann matrices

A1

SU(3) algebra

(010"
1 00|,

000,

(0 —i 0)
i1 00

0 00)

(1 00)
0-10

0 00,

Ag =

iy Al =21 fiir g

Antisymmetric f, ik

Diogo Boito, Sep 2022

Structure constants of SU(3)

T3, T5) = i fajreTe

(00 1) (00 0)
000, 2=1001
.1 00, 010
(00 —i) (00 0)
00 O, =100 —i
L 10 0 0 i 0
(10 0
]
— 101 O
NG :
L 00 -2

University of S&o Paulo



Structure constants of SU(3)

iy Al =24 fijn Ak

f123 =1

FaT . glee 6. T f30h. 6T 1
2

458 _ (678 _ V3

(the others are zero)

Diogo Boito, Sep 2022 University of S&o Paulo



Quark SU(3) quantum numbers

(100"

8 8
. . 4 o
T2 = E T.2 _ 1 E /12 —~1010 qu&cira&c
: ) 3 \O 0 1} Casimir

T3 = %/13 and 7g = %/lg commute

Two quantum numbers: third component of isospin and hypercharge (eigenvalues of diag. gen)

T3=211 and Y= -1
3 = 543 B
Thu = +%u and Yu= +%u,
T5d=-1d and Yd=+1d,

Ti3s=0 and VYs= —%s.

1 1

I3 = 2(nu—nd) Y:§(nu+nd—2ns)

addikive quantum numbers

Diogo Boito, Sep 2022 University of S&o Paulo



SU(2) vs SU(3)

SU(R) is rank one: "one dimensional”

d u u —d
® o> Iy ® o> /5

1 1 1 1

T2 T2 T2 T3

du E(uu dd) ud \E(uu + dd)
o @ o— /3 @D ® > I
—1 7A_+ 0 7A_+ +1 0

> /5

DO | = g
R o

Diogo Boito, Sep 2022 University of S&o Paulo



Quarks: SU(3) quantum numbers

Tu = +1iu
SU(3) is rank bwo: & ?
“two dimensional” Tsd = —jd
T3S =0
R \3
u
-
| 1
2
Vi

and

and

and

fundamental 3
representation of SU(3)

Yu=+1u, ot e
Yd = + %d, S I3
5 0

Ys = —3%s. ?s

Three sets of ladders operators

T. = 5 £idy),
Vi = 5(4 £ ids),
Us = 5(d6 £ id7),

‘A/+s = +u, V_u=+s, l7+s = +d, U_d = +s, T+d —+u and T_u = +d

V+U:V_S:U_|_d:T_|_U"':O

Diogo Boito, Sep 2022

University of S&o Paulo



Quarks: SU(3) quantum numbers

y=-_Ag
A 3 Three sets of ladders operators
A\ 1 .
: U Iy = 5(41 £ 1),
3 A
_ 1 -
3 i /> ISZ%A’S + = 2(/l4il/15)9
- N\ 1 .
’ 7 Us = 5(16 + id7),

Vis=+u, V.u=+s, U,s=+d, U_.d=+s, T.d=+u and T_u = +d

)

In matrix form we have, for example:

1 (
O V_|_S:
0

o O O
o O O

10
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Antiquarks: opposite qguantum numbers

11

antiquarks

quarks v : )
d A u ® S
LR [
< p >,
I ZEXICCRH TRRNRN ) B
?s P 4o d
* representation of SU(3) [in SU(R) the
fundamental is a "real representation”]
also called conjugate representation ( also 2)
antiquarks Y
t 1), d=2), s= 3
—_ = Y, = Y S = Y]
+2 @5
v §=ud —du=|1)|2) — [2)|1)

_L / 1 a = [2)[3) —|3)|2)
— 2 2 _
3 I I > I3 d=|1)|3) — [3)|1) only way ko get the

>/ 1 _ i correct
@ 37 ® 3 1) = €7%[5)|k) quantum numbers!
u

eigenvalues of diagonal generators do
not appear in pairs +m, -m, +Y, =Y, so the
represen&a&éem cannotl be real

Vu=-s, V.s=-u, U,d=-5, Us=-d, T,u=-d and T_d= -1

Diogo Boito, Sep 2022

University of S&o Paulo



Antiquarks: opposite qguantum numbers b

antiquarks Y
tiquark ! = |1), d=12), s =3),
+%.§ 5 =ud—du = [1)]2) — |2)|1)
1 Vi 1 = 2)[3) = [3)[2)
- -5 5 g d=11)[3) —3)|1)
/ 1 | ) i) = €7%|5)|k)
& —3- ®_
U d
V.ia=-5

Vit=(V,®1+1®Vy)(ds — sd) = du — ud = —5

(using Vs =u, Vid =0)

Diogo Boito, Sep 2022 University of S&o Paulo



Quantum number of hadronic states "

1 1

I35 = 2(nﬂuj—nd) Y:§(nu+nd—2ns)

proton

1 1 1

néutron

1 1 1

1
(ud)%]3:§(1—|—1):—|—1; Y =

|
Ll =

(1-1)=0

1
() = I=5(1-0)=+5 Y=:(1+2)=1

Diogo Boito, Sep 2022 University of S&o Paulo



Mesonic states (qq) h

I3 and Y are additive quantum numbers.

Extreme states are easiest to obtain. From them, use ladder operators.

1 1 1
KT (us) = I =5(1-0)=+5:  Y=2(1+2)=1
_ 1
K (dg)—>13:—§; Y =1
s 1 & Neutral states are a combination of the three qq
, ........... o sosoeses ' _ . _ .
X /V T.|d0) = ull) — [dd) and T_|ud) = [dd) — [u).
om.,.-;> P <:="-.,.ua N V.|su) = [uu) —|ss) and V_|us) = |ss) — |uu),
4 \s 24 F — —_ - _ _ —
‘7/ \ Uylsd) =|dd) —[ss) and U_[ds) = [ss) —[dd).
B O, ‘ only two are linearly independent:
s sd &+2 = octel of states
A
) A5y tl....,}‘g singlet state
_ Y
d A u @S r,
.................. o vs) = 7 (ull+dd+ 55
3 ® e > = O =1 @ —e > 1 — (T )V /UL ) hg) = 0
[ S — ®_ -1 % 3 S I3 ﬁ(uﬂ+dd +8S) I3
?s - ° |
SU‘_l ......... .Sa SE“MSLQE
Diogo Boito, Sep 2022 octet

University of S&o Paulo



Comment on the singlet state

singlet

) = %(uu +dd + 55)
= =)
= =) (1) 1K)
= =)k

The singlet state is the F:c::»?:&ii.j
antisymmetric combination of states

Diogo Boito, Sep 2022

antiquarks

u=l1), d=12), s = |3),
1)[2) = [2)[1)
)

s=ud—du =
n=12)[3) - I3)
d=11)[3) — [3)

i) = 7% |5)|k)

15
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Mesonic states ({=0,s=0and /=0, s =1)

_ A .
KO (dS) @--weedeenn @ K (us) K*0 (ds) PR B K (uS)
n (dO) 70 1M T (ud) p~ (du) 00 lo p* (ud)
@& —»> @ —
K™ (SU) @ eeeeegeeeeees ' K° (sd) K* (st) '. ................. @ R*O( d)
JP=0" JP=1"

n”) = <5 (ull — dd)
m) = %(uﬁ + dd — 2s5)

AN A 1 -
|n)~\/§(uu+dd+ss)

ockek 1=0, /=0 states

singlet I=0, V=0 states

Table 9.1 Thel = 0 pseudoscalar and vector meson masses.

Pseudoscalar mesons

Vector mesons

n 135 MeV
Tt 140 MeV
K= 494 MeV
K°, K° 498 MeV
N 548 MeV
N 958 MeV

Diogo Boito, Sep 2022

pY 775 MeV
p* 775 MeV
K** 892 MeV
KK 896 MeV
(x) 783 MeV

o) 1020 MeV

o) ~ \/Lz(uﬁ + dd),
G) = sS.

for vector mesons, the physical

states are mixtures of octet and singlet

SU(3) flavour symmetry is not an

excellent symmetry.

16

University of S&o Paulo



Young tableaux for SU(3) :

Extend the primitive object (of the fundamental 3 representation)

quarks

I:l . m,@,@ 3 (dimensionality 3, triplet)

antiquarks N

H : %, E,E 3* (antisymmetric, dimensionality 3, antitriplet) —’
singlet

H : % (singlet, totally antisymmetric state)

sextet

[ 11:[1I1], [112], [1I3], [2I2]., [2I3], [BI3] (symmetric, dimensionality 6, sextet)
decuplet

T 1:[1]1 I: |, IEIEIZL IEIZIZ' , EIZIE' ... (symmetric, dimensionality 10, decuplet)
octet

4] (02] [1038]. (101] [112] [1I8] [2]2] [2]8]  (mixed symmetry,
2 "2 T2 I3 13 13 I3 ,i dimensionality 8, octet)

Diogo Boito, Sep 2022 University of S&o Paulo
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Young tableaux for SU(3)

General rule for the dimensionality
s e _ D@t Detat2) p=X -
. A3 boxes 2 ’ q — >\2 o )\3

Mesons

Baryons
3®3®3:(3®3)®3
3@3=0e0=-[MeH=6e3"

(Oed)eO=0 |@E|3@E|3@H:10@8@8@1

3R3R3I=(603)3=106808c¢1
Diogo Boito, Sep 2022 University of S&o Paulo
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Decuplet of L=0 baryons

We can take the symmetric decuplet and the symmetric s=+3/2 wave functions to make a decuplet of
L = 0 baryons

JP=3
A= (ddd)  A°(ddu) I A* (duu) A (uuu) m ~ 1230 MeV Y =1
@ s @ foeennne . ®
T+ (dds) >0 (uds) > (uus) m ~ 1385 MeV Y=0
* . ">
N Y =-1
"‘--?..-""Q_(SSS) m~1670MeV L =0Y =—2 J=3/2Q=1

predicted in 1961 (Gell-Mann & Ne'eman)
discovered in 1964

Diogo Boito, Sep 2022 University of S&o Paulo
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Octet of L=0 baryons

From the mixed symmetry
octets one can make another Sd9 S Dwds) % Tuus)
octet of s=1/2 baryons

Table 9.2 Measured masses and number of strange quarks forthe L = 0

light baryons.
s quarks Octet Decuplet
0 p,n 940 MeV A 1230 MeV
1 X 1190 MeV )i 1385 MeV
1 A 1120 MeV
2 = 1320 MeV = 1533 MeV
3 Q 1670 MeV

Diogo Boito, Sep 2022 University of S&o Paulo



QCD: the need for colour -

The quark model in SU(2) and SU(3) has nice features: understanding of hadronic states,
classification, even a few predictions. Fundamental degrees of freedom.

Problems of the quark model:

1. Hadrons have integer charges, but no reason to forbid g or gggqg states.

2. Quarks were never seen in isolation
3. Symmetry of wave functions: without an additional antisymmetric component the baryon

decuplet cannot be built (colour wave function).

Solution: additional quantum number (degree of freedom). New symmetry: rotations in color space.

Only colour singlets (

|
|
L , _

Quark
| confinement!

|

How about adding an SU(2) quantum number to the quark field? Can we make singlet states?

Rq=0O00 =L H=3s1

singlet!

(®qwq=0Oe0e0=(OeH)eOd = & o

no singlet state!’

Diogo Boito, Sep 2022 University of S&o Paulo



QCD: the need for colour -

How about adding an SU(3) quantum number to the quark field? Can we make singlet states?

Mesons (colour space)

I¥q=3®3 = |:|®H :Hj@ H:E%@l

Baryons (gqq, colour space) b

3®3®3:(3®3)®3 singlet!!
3e3=0c0=-[MeH=603"

(Oed)eO=0O |@E|3@E|3@H:10@8@8@1

qq states are not allowed!

3e3=0e0=-[eH=603"

g, 99, & ggqq states are not allowed (but ggq is allowed)!
confinement of guarks

Diogo Boito, Sep 2022 University of S&o Paulo



QCD: the need for colour 2

Quarks have an additional quantum number: colour, which transforms under SU(3).

Hadrons are always colour singlet states!

Only colourless (singlet, or white) states can be observed! (Postulate)

This means that isolated quarks cannot be observed (nor gg or qqqq states for example)

Still, no dynamics: gauge principle is needed for that.

Confinement is still today, with QCD, not well understood.

University of S&o Paulo



