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A Concise History of the Black-body Radiation

Problem

Himanshu Mavani and Navinder Singh

The way the topic of black-body radiation is presented in
standard textbooks (i.e. from Rayleigh-Jeans to Max Planck)
does not follow the actual historical timeline of the under-
standing of the black-body radiation problem. Authors be-
lieve that a presentation which follows an actual timeline of
the ideas (although not a logical presentation of the field)
would be of interest not only from the history of science per-
spective but also from a pedagogical perspective. Therefore,
we attempt a concise history of this very interesting field of
science.

Introduction

Generally, we understand Planck’s distribution function for the
black-body radiation as a modification of Rayleigh-Jeans law us-
ing the canonical ensemble of quantized energy. However, as the
foundation theory of quantum mechanics, it is worth understand-
ing the actual development of the ideas starting from the pioneer-
ing work of Gustav Kirchhoff in this field. Kirchhoff’s theoreti-
cal analysis gave scientists a way to characterize the black-body
spectrum. Josef Stefan’s empirical deduction of the 7* law initi-
ated further theoretical investigations. Ludwig Boltzmann’s ther-
modynamic derivation of Josef Stefan’s law verifies the idea of
radiation pressure. Next, the fascinating derivation of Wilhelm
Wien’s scaling law (but lesser known) is discussed, which led
Max Planck to conclude that the entropy of an oscillator is a
function of the ratio of the average energy and frequency of an
oscillator. Next, we review Planck’s original derivation of his
distribution function to show the historical importance of Kirch-
hoff’s law, Stefan-Boltzmann’s 7% law, and Wien’s scaling law.
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Finally, the classical distribution function of Lord Rayleigh and
James Jeans is discussed. In the following paragraphs, we briefly
sketch this historical development. In the following sections, a
more detailed analysis is given.

The theory of radiative heat exchange was first initiated by Genevan
physicist Pierre Prevost in 1791 [20] 4]]. He defined the thermal
equilibrium in the context of radiative heat transfer and explained
that each body radiates and receives heat independently of the
presence of the other bodies. The thermal radiation is in the in-
frared frequency range when the temperature of the body is equal
to room temperature, so we can not see that. As we increase the
temperature, the body starts gloving from red to white in colour.
In 1830, Leopoldo Nobili and Macedonio Melloni made a ther-
mopile device, which converts thermal energy into electrical cur-
rent. In 1831, they made the first radiometer using thermopile and
galvanometer [23]]. Their device showed that the amount of radi-
ation emitted from different surfaces at the same temperature is
not the same. In 1847 John William Draper observed that 525°C
is an average temperature where emission radiation becomes vis-
ible, and it is known as Draper point [7]]. In 1858, Scottish physi-
cist Balfour Stewart experimentally measured the radiation using
thermopile and compared thermal emission and absorptive power
of different materials with lamp-black [35,[33[31]]. Stewart wrote,
“Lamp-black which absorbs all the rays that fall upon it, there-
fore, possesses the greatest possible absorbing power and posses
the greatest possible radiating power”.

The notion of a black-body was first defined in a concrete way by
Gustav Kirchhoft: A body which reflects no light at all nor allows
light to pass. No ideal black-body exists in nature. Lamp-black
and Platinum-black are good approximations. Kirchhoff theoreti-
cally explained that the emission spectrum (energy density) is in-
dependent of the shape, size and material of the black-body, and
it is the only function of radiation wavelength and temperature.
Thus, if two different black bodies are in equilibrium, then their
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radiation field is identical.

John Draper, John Tyndall and many other physicists have stud-
ied the temperature dependence of energy density of thermal ra-
diation. Draper also plotted the data on total energy emission
vs temperature in 1847 [7]. Josef Stefan empirically described
the dependence of temperature on the total energy emitted by
a black-body. Then five years later, Ludwing Boltzamnn theo-
retically proved Stefan’s law using purely thermodynamic argu-
ments. This law is known as Stefan-Boltzmann T* law.

Wilhelm Wien is known for finding the relation between tem-
perature and wavelength, where the energy density is maximum.
Apart from this Wien’s displacement law, he was the first who
gave the simplified form of the Kirchhoft universal function us-
ing rigorous thermodynamical arguments in 1893. He also gave
the empirical energy distribution for the black-body in 1896, but
it turned out to be just an approximation.

In June 1900, Lord Rayleigh considered black-body radiation as
electromagnetic standing wave vibrations in cavity enclosure, and
he used the equipartition theorem of statistical mechanics. He
found that the energy distribution function of black-body radi-
ation is proportional to the T7A~#. Rayleigh and English physi-
cist James Jeans found a complete form of the energy distribution
function five years later, but it disagreed with the experimental
observations.

German physicist Max Planck has been working on the black-
body problem for more than five years. He assumed that cavity
walls are made of a collection of oscillators of electric dipoles.
He published his exact solution for the black-body problem in
two papers (October 1900 and December 1900), where he intro-
duced the idea of energy quantization. Planck’s implication on
the quantum of energy and historical debates on it is discussed by

Draper’s data was on the
Fahrenheit scale. The
absolute thermometric
scale (Kelvin scale) was
invented by William
Lord Kelvin in 1848.
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Figure 1. Gustav Kirch-
hoff (1824-1887) [Photo:
Wikipedia Commons]

The Bunsen—Kirchhoff
Award in the field of
analytical spectroscopy
is named after Robert
Bunsen and Gustav

Kirchhoff.

Thomas S. Kuhn [15]], Luis J. Boya [3]], M. J. Klein [14], Allan
Needell [22], Olivier Darrigol [3], and Clayton A. Gearhart [8].

In the subsequent section, we consider the contributions of the
leading investigators in this field one by one.

1. Enter Gustav Kirchhoff

In 1859, German physicist Gustav Robert Kirchhoff gave the first
theoretical argument on the back-body radiation problem. Along
with Robert Bunsen, Kirchhoff studied the coincidence of the
emission lines of sodium with particular absorption lines in the
solar spectrum using a prism. From his experiments, he consid-
ered that at thermal equilibrium, the ratio of emissive power to
absorptive power is the same for all bodies and asked the ques-
tion: does this the case for each wavelength separately? He con-
cludes that for any thermally radiating body, the ratio of emissive
power e and the absorptive power a is a universal function that
only depends upon the wavelength and temperature [12] [13].

Kirchhoff considered two thin plates C and ¢ of emissive power
E and e and absorptive power A and a respectively [12} 33]. One
of the plate surfaces is a perfectly reflecting mirror, and the plates
are arranged parallel to each other, as shown in Figure (2). Plate ¢
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is made of special material that only absorbs and emits the wave-
length radiation A. All other wavelengths pass through. Kirch-
hoff considered a quantity of radiation £ of wavelength A emitted
by C. When it comes to plate c, it absorbs aE radiation and throws
(1 — a)E radiation back. When this (1 — a)FE radiation reach to
plate C, it absorbs A(1 — a)E radiation and throws (1 —A)(1 —a)E
then again plate ¢ absorbs a(1 — A)(1 — a)E radiation and throws
(I — a)(1 — A)(1 — a)E radiation and so on. This infinite series
of bounces back and forth of radiation between two mirrors gives
the total absorption by plate ¢ as

aE
1-(1-A)1-a)

ey
Similarly, if the plate ¢ emits the quantity of radiation e of wave-

length A, then the plate ¢ absorbs radiation of quantity

a(l —A)e
1-1-A)1-a)°

2

So at thermal equilibrium, total absorption by the plate ¢ should
be equal to e.

E 1-A
o= a N a( )e 3)
1-1-A)(1-a) 1-(1-A)1-a)
By rearranging the terms, we get
e E
= 4
Py} “)

Figure 2. Kirchoff’s setup:
Plate C of emissive and ab-
sorbing power E and A re-
spectively. Plate ¢ of emis-
sive and absorbing power e
and a respectively.
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Figure 3. Josef Ste-
fan (1835-1893) [Photo:
Wikipedia Commons]

and this is true for any plate C’ with emissive power £’ and ab-
sorptive power A’.
e FE
iy &)
This shows that for the same temperature and wavelength, the
ratio of emissive power e and the absorptive power a is the same
for all bodies. i.e. it is universal function f(4, T).
e
- = fA.T) (6)
After one month, in Jan-1860, Kirchhoff published a second pa-
per where he proved this theorem in general context[13} [1T1}
[32]]. In the second paper, he introduced the term black-body,
which absorbs all of the radiation falling upon it, so its absorp-
tive power is one. Then the emission power of the black-body
is a universal function of wavelength and temperature. Collecting
contributions from the whole spectrum (integrating over all wave-
lengths), we can see that the total energy emitted per unit volume
by the black-body is the only function of its temperature, which
is given by the Stefan-Boltzmann T* law.

2. Enter Josef Stefan

In 1864, Irish physicist John Tyndall did measurements of the in-
frared emission by the platinum filament, and the corresponding
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colour of filament [37]. In 1879, Austrian physicist Josef Stefan
gave an empirical law of temperature dependence of the black-
body radiation based on Tyndall and various other experimental
data. In Tyndall’s measurements, Stefan noticed that by increas-
ing the temperature of platinum filament from 798K to 1473K
(1.845 times), radiation was increased by 11.7 times (approxi-
mate to (1.845)*). So he empirically stated that the energy emit-
ted by a black-body per unit area per second is proportional to the
fourth power of the absolute temperature [34].

3. Enter Ludwig Boltzmann

In 1884, Stefan’s formal doctoral student Ludwig Boltzmann pub-
lished a thermodynamic derivation of Stephen’s empirical law.
Using the idea of Adolfo Bartoli on radiation pressure [1]], Boltz-
mann considered radiation particles as the ideal gas in the piston-
cylinder system.

The pressure exerted on the piston by the radiation particles when
the piston moves slowly is

1
P=- 7
3PT )

where pr is the total energy density (Appendix A).

John Tyndall was a
pioneering experimental
physicist in the field of
atmospheric physics. He
is known for discovering
the greenhouse effect
and the Tyndall effect.

Figure 4. Ludwig Boltz-
mann (1844-1906) [Photo:
Wikipedia Commons]

The concept of radiation
pressure on a solid body
was experimentally
verified by Pyotr
Lebedev in 1899 [19].
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Putting total internal energy U = prV and radiation pressure into
the fundamental thermodynamics relation dU = TdS — PdV, we
get

4 dor
TdS = —prdV + V—dT 8
FprdV+ Vo 3)
We know S = S(T,V) so
oS oS
dS = —dT + —
S 3T + GVdV )

By comparing equation (8)) and (9), we get
05 _Vdor 05 _dpr (10)
OT TdT’ oV 3T

So we have

#S__1dpr  OS _ _4pr 4ldpr
ovoT T AT’ O0ToV  3T2 3T dT

By symmetry of partial derivative, equating above terms, we get

dor pr
OT _ 421 12
dTr T (12)

Integrating the above equation, we get
pr =aT* . (13)

Using Lambert’s relation py = %E (where E is the total Emis-
sive power over the hemisphere) we get the well-known Stefan-
Boltzmann law E = oT*. The constant o = % is known as
Stefan-Boltzmann constant. The exact form of a constant can not

be determined from purely classical mechanics.

4. Enter Wilhelm Wien

The German physicist Wilhelm Franz Wien’s work has been the
most important work in studying black-body radiation. In 1893,
Wien used thermodynamical arguments and the Doppler effect
and derived important relation between the energy density of ra-
diation with frequency and temperature.

p(v) =V f(v/T) (14)
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This should be called Wien’s scaling law. Using this, he also de-
rived that the product of the wavelength where the emission spec-
trum of black-body has maximum and temperature is constant,
known as “Wein’s displacement law”.

Now we present a concise derivation of Wien’s scaling law which
is hard to find in the books.! As before, suppose radiation is
enclosed in a piston-cylinder system and is in thermodynamical
equilibrium at temperature T.

Suppose that the inner surface of the piston is perfectly reflected.
Radiation exerts radiation pressure on the piston. A piston is al-
lowed to move out quasi-statically, and this process is made adi-
abatic, so no external heat is allowed to enter into the cylinder.
Suppose at time ¢ = 0 a radiation beam coming from point § is
incident on a mirror at angle 8 with the normal to the piston. The
observer at O receives the piston reflected beam from the moving

Figure 5. Wilhelm
Wien (1864-1928) [Photo:
Wikipedia Commons]

1Only Max Born discussed this
briefly in his book “Atomic
Physics”.

Figure 6. The radiation in-
side the piston-cylinder sys-
tem. S denotes a radiation
source, O denotes an ob-
server, and u is the velocity
of the piston.
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mirror. Let u be a velocity of the piston. Now, the Doppler effect
with velocity ucos since it is relevant to observer O gives the
frequency observed by O.

2
v =v—2ycoso (15)
c

Let us denote the I(v)dv as intensity of radiation whose frequency
is in range v and v + dv. Then the energy in the range v and v + dv
falling on the patch of area dA on the piston mirror in time df is

IW)dvdA | dt = I(v)cosOdAdtdy (16)

If I(v)dv' is the intensity of the reflected radiation whose fre-
quency lies in v/ to v/ + dV’, the reflected energy from patch in
time dt is

I'OV)Hdv' dA dt = I'(V')cosOdAdtdV' 17
then loss of the radiation energy will be
—(U(w)dv = I'(V)dV )cosOdAdt . (18)

This loss appears in the form of work done on the piston by radi-
ation. The pressure exerted by radiation on the piston is

dP = 2p(v) cos*0 dv . (19)
So, the work done will be
20(v) cos*0 dv dA udr . (20)

Equating this with the equation (I8)) and using I(v) = p(v)c we
get

21

ucosd
I'oHdy =I(V)(1 4 ol )dv

Again using the /(v) = p(v)c and integrating both side, we get

2uc0s9) 22)

p':p-(1+
c

where p” and p denote the integrated energy density. So, after re-
flection, energy density is increased by a factor (1 + M)

10
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To calculate the total energy change in time df of radiation whose
frequency is in the range v to v + dv, we need to take an angular
average of the difference in final and initial state energy, which
means

AE = f f cdt dA ¢ (””eded‘b) (0’ (/)dY — p(v)dv)
#=0 Jo=0

(23)
All the radiation whose frequency is in the range v to v + dv, after
reflection that will be in range v’ to v/ + dv’, where v’ is given by
equation (I3)). So the term p’(v')dV’ is replaced by

(1 N 2ucos€)p(v B 2ucos9v) (1 ~ 2uc0s9)dV. (24)
c c c

Writing Taylor expansion,

( 2ucosb ) 2ucosd dp(v)
plv- v|=p

)= v T= e (25)
c y

and neglecting terms of ‘C’—i and higher in equation (24)), and putting

into equation (23)), we get

dt dA 0
AE = ¢ f dBsinfcoso —ZMCOS Vap(v) (26)
2 6=0 c ov

Now using the dV = u dt dA and foﬂ/z dfsinfcos*6 = %, we get

—dv 27)

The negative sign shows that there is a net reduction in energy
which appears as work done by the piston. The reduction of
the energy for the frequency range v to v + dv can be written
as —d(p(v)V)dv. So we have

v ap(V)

since the process of moving the piston out by a very small amount

(28)

vdt is adiabatic, we can take p(v) as the only function of volume
since the energy density reduces with an increase in volume.

dp(v) _ vp(v)
PV =375,

(29)

August 2022 V\/\/V\/\/\—
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It easy to check that function p(v) = V3 ¢(»’V) is a solution of this

equation.

Now, using the equation (8] for adiabatic process (ds = 0) we get
_Vop

4
0=—Lar+-£

T oT 3 TdV (30)

Now, using the Stefan-Boltzmann law, we get

Vv oo 4aT*
= —=(4aT’)dT + = — 1
0 T(a)d +3TdV (31)
dTr 1dVv
So, —=-—>-— 32
> T T3y G2
which gives the solution VT3 = constant.
So, we have
3 ANV AY
o(v) =v>¢ (const)ﬁ =y f(?) (33)
Using p(v)dv = p(1)dA and A = c/v, we get
4
c c
/L T)=— P 34
pAT) = =f () (34)

Thus Wien’s scaling law simplifies Kirchhoff’s universal func-
tion. This suggests that a plot of °p(A, T) vs AT gives a single
curve regardless of the wavelength of radiation and temperature
of the black-body. In other words, knowing a spectrum for a sin-
gle temperature, a spectrum can be found for any other tempera-
ture. Later, other equivalent forms were given by Lord Rayleigh,
and Max Ferdinand Thiesen [28]].

Let p(1) is maximum at 4,,. Then derivative of p(1) with respect
to A is zero at p(1), So

c c . c\_
Sf(mm)+ T/lmf (T/lm) =0 (35)
Letx = TLA’” and rearranging terms we get
df(x) dx
=-5— 36
CRRE: GO

12
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The solution to this differential equation is

f(x))c5 = constant = k 37)
c AnT) kT>
fl) = k—= Then, p(dy) = — (38)
TA, c c
This is not physical solution, so only solution is x = ﬁm is con-
stant, i.e.
AT = Const. 39)

This is known as Wien’s displacement law or generally known
as the Wien’s law. Any function which satisfies Wien’s scaling
law will obey Wien’s displacement law. The first experimental
verification of Wien’s law was given by German physicists Otto
Lummer, and Ernst Pringsheim in 1895 [21} [18]].

In 1896, Wien published a second paper on black-body radiation
[38]. He described a black-body spectrum using the Maxwell-
Boltzmann distribution of atoms and assumed that the wavelength
of radiation is the only function of its velocity (square of the ve-
locity). He wrote energy density as

p(A,T) = F(A)e™r (40)
Now, using the Stefan-Boltzmann law, we have
f;my%wxﬂ 1)
0

Wien defined y := 4= and wrote expansion of function F(1) as

a
FAH)=F|—
@ (yT)
272 nn
=C()+C1y—+C2 ) + -+Cny + .
a a"
2 n
a a a
cCl1l—+cop——=+ " +Cc —+... 42

Wien was awarded the
Nobel Prize for his work
on the black-body
radiation problem in
1911.

August 2022
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Putting into integral, we get

e _a a (* a_ _,dy
F()e™ 1 dA = —f F(—=)e? =
j; TJo YT 2
Tn—l 00 1

n a 0

Tn—l
= chan—_lr(n— 1) 43)

This should be proportional to the T#, so we must have cs is non-
zero, and all others must be zero, which gives F(1) = % where C
is constant. So energy density has a form

C _a
PAT) = e (44)

This is known as Wien’s distribution law or Wien’s approxima-
tion. This agrees with the equation (34) and gives a quite close
distribution to experimental results. In the same month, German
physicist Friedrich Paschen found that his experimental data is
best fitted to function [24]]

C a
PAT) = —e T . (45)

Which is close to Wien’s empirical distribution. Wien did not
give a rigorous physical argument for the empirical exponential
factor. Many other attempts were made to find Kirchhoff’s uni-
versal function, but this was the first closest function that was
found. In 1899, Lummer and Pringsheim checked that the Wien’s
distribution agrees for small wavelengths, but at a larger wave-
length and higher temperature, there is a systematic difference
with experimental data.

5. Enter Lord Rayleigh

In June 1900, English mathematician and physicist John William
Strutt, known as 3"¢ Baron Rayleigh, gave another form of uni-
versal function in a paper “Remarks upon the law of complete
radiation”. Rayleigh was the founder of the theory of sound, pub-
lished many papers, and wrote two books on it. Using the analogy

14
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of the theory of sound, Rayleigh classically derived that the emis-
sion spectrum is proportional to the 7A™* [29]. He assumed that
radiation inside the cubical box formed a standing wave. His idea
was to calculate the energy density according to

v, T) = [NW)dv]e(v,T) (46)

where N(v)dv is the number of standing waves per unit volume
having a frequency in a range of v to v + dv and €(v,T) is the
mean energy of the wave. If k is the wavenumber (reciprocal of
A), then the number of points for which k lies between k + dk is
proportional to the k*>dk. According to the Maxwell-Boltzmann
law, energy is equally divided among all modes. And since the
energy of each mode is proportional to temperature T, the energy
of radiation whose wavenumber is in the range k and k + dk will
be proportional to the

Tk*dk . A7)

Or the energy of radiation whose wavelength is the range A and
A+ dA will be
p(A, T)dA o« TA4dA (48)

In Rayleigh’s first paper on radiation, he did not calculate the pro-
portionality constant. The correct form of Rayleigh’s law came
five years later by Rayleigh himself and James Jeans. In between,
Max Planck published two remarkable papers on radiation theory
and introduced the idea of discretization of energy. In Septem-
ber 1900, Lummer and Pringsheim experimentally checked that

Figure 7. Lord Rayleigh
(1842-1919) [Photo:

Wikipedia Commons]
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Figure 8. Max Planck
(1858-1947) [Photo:
Wikipedia Commons]

Rayleigh’s law agrees only for large wavelength. Lummer and
Pringsheim put exponential factor exp[—c;/(AT)*] and from the
best-fitted data, they gave an empirical distribution function [16)}
17]]

p(A,T) = c;TA™ exp[—c2/(AT)"] (49)

6. Enter Max Planck

The German physicist Max Karl Ludwing Planck was trying to
justify Wien’s distribution function using Heinrich Hertz’s idea
of electric dipole radiation. Form Kirchhoff’s law, Planck under-
stood that the black-body radiation is independent of the material
of the cavity, so he presumed that the cavity walls are made of a
collection of damped oscillators of electric dipoles (Hertzian res-
onators).

Planck considered the steady state case where the energy emitted
by the accelerating charges via electromagnetic radiation should
be equal to the energy absorbed by the oscillators. So oscillations
are damped-driven. In 1899, he proved that the average energy
of oscillator U(v, T) is related to the energy density of radiation

16
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p(v, T) in the following way@

2
P 1) = U, T) (50)

In October 1900, Planck published the paper “On the theory of
the energy distribution law of the normal spectrum”, where he
guessed the function of the second derivative of entropy with re-
spect to average energy and gave the first appearance of today
known as Planck’s distribution function. Planck made first sim-
plest guess that

ds a
W~ U ©1
Integrating the above equation with respect to U, we get
ds
E =—alnU+C (52)

At constant volume, the fundamental thermodynamic equation
dU =TdS — PdV becomes

ds 1
w-T 43
Now, using the equations (32) and (33), we get
1
U=Aexp (——) (54)
aT

where A and a depend upon the frequency of radiation. We get
Wien’s distribution function by putting this into equation (30).
Now, if we say energy is linearly proportional to the temperature,
then using equation (33)), we get

as o
d’s a’
SO, d_[]2 = —m (56)

2For further details and proof, readers can refer to Max Jammer book The
Conceptual Development of Quantum Mechanics, Appendix A, pp. 470 and D.
Ter. Haar book [36] Chepter 1, pp. 8

August 2022 V\/\/\/\/\/\—
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Planck then combined both equations (51)) and (36) and made an
intelligent guess that

d’s
= (57)
du? UU +B)
Integrating the above equation with respect to U, we get
ds
v % ln(l + %) + Constant (58)
Using equation (53) and rearranging terms, we get
a
=— 59
exp(b/T) -1 (59

Putting into equation (30) and comparing with Wien’s scaling law
(equation (33), we get the energy distribution function [26] 27|

141 16]

C1V3

o, T) = (60)

exp(cov/T)— 1"
After a week, physicists Heinrich Rubens and Friedrich Kurl-
baum published experimental verification of Planck’s energy dis-
tribution for temperatures 85 K to 1773 K, and it matched with all
ranges of wavelengths [6]. In December 1900, Planck published
a second paper with a detailed explanation of the energy distri-
bution where he introduced an idea of energy quantization and a
universal constant known as Planck’s constant [36, [14].

In the second paper, Planck thought that the total entropy of Hertzian
resonators should be maximum at equilibrium. So it can be cal-
culated from Boltzmann combinatorial method (microcanonical
ensemble in statistical mechanics) [25]. Let U be the average en-
ergy and S be the entropy of a single oscillator. Then total energy
of N oscillators is Uy = NU, and total entropy is Sy = NS. Let
W be the total number of micro-states, then total entropy will be
Sy = kg InW. Now, Planck thought that to calculate W of N
oscillators having total energy Uy, we should take Uy to be com-
posed of discrete values of an element € rather than a continuous
one. So one can assume

Uyv=n-€ (61)
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where n is a large integer. Now, to calculate W, Planck calculated
the number of ways to distribute n bundles of energy e among N
oscillators. Then,

_(N+n—1)!~(N+n)!
T (N-D!'n! T N'n!

W (62)

Using the Stirling approximation for large number N! ~ NV, we

get
N (N + n)N+n

W~ 63
NN (63)

Then, the total entropy will be
Sy =kg[(N+n)In(N+n)—NInN —nlnn] (64)

Now, using the Uy = ne = NU and Sy = NS we get

U uy U U
s=ka|(1+ =) m(1+Z)-Z m=] (65)
€ € € €
Using the p = 8’;;’2 U and Wien’s scaling law, we get
T
U=y f(—) (66)
v
Rearranging terms, we can write a different form
U
T=vg (—) (67)
%
using the % = %, we get
oS 1 (U
—=-g(— 68
ou v g( 14 ) (68)
Integrating, we get
U
S=g (—) (69)
v

Comparing equation (63) and (69), we must have € « v. The pro-
portionality constant “A” is known as Planck’s universal constant.
So putting € = hv into equation (63)) we get entropy

U Uu U

U

We can imagine this as a

number of ways of
putting n identical
objects into N
distinguishable box,
where an empty box is
allowed.
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Planck was awarded the

Nobel Prize for his work

on the quantum theory in

1919.

_ ds

Again, using the % = jo» We get
1 kg hy
—=Inll+—= 71
T ”( U) 1)
h
So, U= . (72)

exp(hv/kgT) — 1

So we get the energy distribution

812 hy

T =
pO-T) 3 exp(hv/kgT) -1

(73)

This is known as Planck’s distribution function. The universal-
ity of the Boltzmann constant was also given by Planck. Using
experimental results of F. Kurlbaum on total radiation energy and
Lummer and Pringsheim on Wien’s displacement law Planck also
calculated the value of the kg and i [25]. The word quanta”
was first used by Planck for energy elements. This strange non-
classical theory of discretization of energy was uncomfortable
to many scientists, including Planck himself. Albert Einstein’s
concern was that equation (30) which Planck derived using the
classical theory of absorption and emission of the energy by the
oscillator, and in equation (6I)), Planck defined the mean energy
of the oscillator in a non-classical way. Scientists started taking
Planck’s idea seriously when Einstein explained Heinrich Hertz’s
experiment photoelectric effect by assuming that the energy of the
light comes in quanta (light quanta) in 1905-06.

Einstein’s concern about Planck’s theory got resolved when Peter
Debye [9, 2] gave an alternative approach to Planck’s theory using
the idea from Rayleigh-Jeans theory. Debye considered electro-
magnetic radiation in a cubical cavity similar to the proper vibra-
tion of the crystal. So the number of vibrations in the interval v to
v+dy is the same as in the calculation of Rayleigh and Jeans. The
energy of the proper vibration of frequency v can be from possible
values nhv, where n is an integer. Using the Boltzmann probabil-
ity distribution P(n) = Aexp(—nhv/kgT), the mean energy of the
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proper vibration will be

hvP
e, T) = 2P (74)
2n P(n)
1+2 2+
= hvx T20H et , where x=e kT (75)
L+x+x2+...
1/(1 - x)?
= hyx———~ 76
V) (76)
hv
= 77
exp(hv/kgT) — 1 77
Using the equation (46) and (8T)) gives the energy density
8mv? hy
pv,T) = (78)

3 exp(hv/kgT) -1

7. Enter James Jeans

Even though Planck’s distribution agreed with experimental data
for many years, physicists could not believe the idea of quantiza-
tion of energy. Rayleigh was still working on his idea of radiation
in a cubical enclosure. In April 1905, he calculated a numeri-
cal constant in his previously proposed radiation energy distribu-
tion [30]. Rayleigh considered the standing wave f(x,y,z,t) =
Asin(k,x + kyy + k;z)coswt in cubical enclosure of length /. In
order to satisfy the boundary condition (f = 0 at x,y, or z = 0 or

(1877-1946)
Wikipedia Commons]

James Jeans
[Photo:
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x,y, or z = [) we must have k, = =%, k, = # and k, = == where

ny,ny, n; € N. Since k2 = k2 + k§ + k2 we have

2 2 2 k2[2

0y + Ny + 1 :? (79)

which is a sphere of radius %

Now, to calculate the total number of modes, we need to take
eighth part of the volume of a sphere since n,, n,, and n; can only
take positive values. Rayleigh considered the positive as well as
negative values. This mistake was pointed out by English physi-
cist sir James Hopwood Jeans in May 1905 [10].

With the Jeans correction factor, the total number of modes from

Otokis ;
14 (ki
——n|— 80
83" ( n) (80)
then the number of modes per unit volume in frequency range v
tov+dvis )
4
Ny = 222 dv @81)
C

where we have used k = Z—’C"’

and factor ‘2’ is multiplied since
there are two polarization states of vibration. In terms of wave-

length, the number of modes in the range A to A + dA is
8
N()dA = Fd/l (82)

Now, since each mode is vibrating with average energy kg7, from
equation (46)), we have the energy density

8
pA,T) = FkBT (33)

This is known as ‘Rayleigh-Jeans law’. It agrees with experi-
ments for large wavelength, but as we go towards a small wave-
length (in the UV region of the black-body spectrum), energy
density becomes very large. In 1911, Paul Ehrenfest called this
the ‘Ultraviolet catastrophe’. But the problem was already solved
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by Planck. It took many years even for experts working in the
filed to appreciate that.

8. Conclusion

Textbooks usually do not explain Max Planck’s original deriva-
tion of the black-body spectrum and how exactly he introduced
the quantization of energy. Planck’s first assumption that cavity
walls can be considered as a collection of oscillators of electric
dipoles came from Kirchhoff’s law of universality. Instead of di-
rectly working on the energy distribution function like Rayleigh
and Jeans, Planck used the microcanonical ensemble in statisti-
cal mechanics and tried to calculate the entropy of the oscillators.
Planck showed that entropy is a function of the ratio of the aver-
age energy of oscillators and the frequency of radiation, and by
comparing that with entropy calculated from the Boltzmann com-
binatorial method, he concluded that there should be some uni-
versal constant (Planck’s constant /) such that energy of quanta
is hv. Most of the textbook explains Wien’s displacement law
and Stefan-Boltzmann law as a consequence of Planck’s distri-
bution function, but historically Planck used Wien’s scaling law
to get the function of entropy of oscillator (equation (69)). To
derive the scaling law, Wien used the Stefan-Boltzmann 7* law.
So not only for a historical purpose but also to understand the
black-body radiation rigorously, one needs to understand the orig-
inal calculation and arguments of Kirchhoff, Stefan, Boltzmann,
Wien, Rayleigh, Planck and Jeans in an actual timeline.

The logical way to explain the black-body radiation is to under-
stand the Rayleigh-Jeans law first and appreciate that the black-
body spectrum can not be explained using classical physics, and
we need some different new formalism. Then by introducing the
energy quantization and calculating the mean energy of Planck’s
cavity oscillators using the canonical ensemble in statistical me-
chanics, we can explain Planck’s distribution function as a modi-
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fication of Rayleigh-Jeans law.

Many physicists feel that Wien’s and Planck’s original deriva-
tions of their law are pretty long and not worth discussing, but we
should at least appreciate the fact that without Kirchhoff’s univer-
sal law, Stefan-Boltzmann 7% law and Wien’s scaling law, Planck
may never have got the idea of energy quantization.
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Appendix
A. Derivation of the radiation pressure

Using the classical theory of electromagnetic radiation, we know
that the momentum density is given by the ratio of the energy
density and speed of light.

Let us say radiation is propagating, as shown in the figure. Con-
sider a tube of length cAr with a cross-section area of L X L, mak-
ing an angle 6 with the normal to the walls. The energy contained
in the tube is approximately

or cAt L* (84)
Then the energy per unit area of the wall is given by

Figure 10. Imaginary tube
of length cAr and cross-
section area LX L. The arrow
shows the incident direction

of radiation.

2

L
pr cAt — = pr cAicoso (85)
cosf
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Thus, the momentum per unit area along the incident line is
prAtcost (86)

But, the cos6 component of this momentum will contribute to the
radiation pressure. And since the wall is perfectly reflecting, the
net momentum transfer will be

2p7rAtcos?0 (87)

By dividing At, we get the force per unit area, i.e. pressure on the

wall is
2p7rc05%0 (88)
The total pressure exerted can be calculated by taking the angular
average. So,
1 /2 27
P=—2pr f coszé’sinedef do (89)
4 0 0

The 6 integration gives the factor 1/3, So the radiation pressure is

- Pr
3

P (90)
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