
Pure decoherence of a qubit

We are going to start by writing the Hamiltonian of a single qubit:

H = H0 + ~
∑
s

ωsb
†
sbs

+~σz
∑
s

(
gsbs + g∗sb

†
s

)
.

Here we are going to assume that

[H0, σz] = 0.

Therefore, in the interaction picture we have

HI (t) = ~σz
∑
s

[
gs exp (−iωst) bs + g∗sb

†
s exp (iωst)

]
and the evolution operator satis�es

i~
d

dt
UI (t) = HI (t)UI (t) .

Now we are going to prove that the evolution operator is given by

UI (t) = exp [C (t)] exp [−σzB (t)] exp [σzA (t)] ,

where

C (t) ≡
∑
s

|gs|2
iωst+ exp (−iωst)− 1

ω2
s

,

B (t) ≡
∑
s′

g∗s′f
∗
s′ (t) b

†
s′ ,

A (t) ≡
∑
s′

gs′fs′ (t) bs′ ,

and

fs (t) ≡ exp (−iωst)− 1

ωs
.

Hence, after doing all the calculations, we obtain, by direct di�erentiation and boson operator algebra,

i~
d

dt
UI (t) = ~σz

[∑
s

g∗sb
†
s exp (iωst) + gsbs exp (−iωst)

]
UI (t) ,

that is,

i~
d

dt
UI (t) = HI (t)UI (t) .
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Since now we have the evolution operator, we need to calculate the evolution of the qubit initial state. Let us assume
that, at t = 0, the qubit is in the state

|ψ (0)〉 = c0 |0〉+ c1 |1〉 ,

with

|c0|2 + |c1|2 = 1.

The initial qubit density operator is thus

ρS (0) = |ψ (0)〉 〈ψ (0)|
= |c0|2 |0〉 〈0|+ c0c

∗
1 |0〉 〈1|

+c∗0c1 |1〉 〈0|+ |c1|
2 |1〉 〈1| .

Let us take a thermal state for the bath:

ρB (0) =
1

Z
exp

(
−β~

∑
s

ωsb
†
sbs

)
,

where

β ≡ 1

kBT
.

Thus, at t = 0, we have

ρI (0) = ρS (0) ρB (0) .

We know that

ρI (t) = UI (t) ρS (0) ρB (0)U†I (t)

= |c0|2 UI (t) |0〉 〈0| ρB (0)U†I (t)

+c0c
∗
1UI (t) |0〉 〈1| ρB (0)U†I (t)

+c∗0c1UI (t) |1〉 〈0| ρB (0)U†I (t)

+ |c1|2 UI (t) |1〉 〈1| ρB (0)U†I (t) ,

that is, using a more appealing notation (at least to me),

ρI (t) = |c0|2 UI (t) |0〉 ρB (0) 〈0|U†I (t)
+c0c

∗
1UI (t) |0〉 ρB (0) 〈1|U†I (t)

+c∗0c1UI (t) |1〉 ρB (0) 〈0|U†I (t)
+ |c1|2 UI (t) |1〉 ρB (0) 〈1|U†I (t) .

Some more algebra and we obtain

UI (t) |0〉 ρB (0) 〈0|U†I (t) = |0〉 〈0| exp [C∗ (t)] exp [C (t)] exp [−B (t)]

× exp [A (t)] ρB (0) exp
[
A† (t)

]
exp

[
−B† (t)

]
,
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UI (t) |0〉 ρB (0) 〈1|U†I (t) = |0〉 〈1| exp [C∗ (t)] exp [C (t)] exp [−B (t)]

× exp [A (t)] ρB (0) exp
[
−A† (t)

]
exp

[
B† (t)

]
,

UI (t) |1〉 ρB (0) 〈0|U†I (t) = |1〉 〈0| exp [C∗ (t)] exp [C (t)] exp [B (t)]

× exp [−A (t)] ρB (0) exp
[
A† (t)

]
exp

[
−B† (t)

]
,

and

UI (t) |1〉 ρB (0) 〈1|U†I (t) = |1〉 〈1| exp [C∗ (t)] exp [C (t)] exp [B (t)]

× exp [−A (t)] ρB (0) exp
[
−A† (t)

]
exp

[
B† (t)

]
.

But,

C (t) =
∑
s

|gs|2
iωst+ exp (−iωst)− 1

ω2
s

and, hence,

C∗ (t) =
∑
s

|gs|2
−iωst+ exp (iωst)− 1

ω2
s

,

so that

C∗ (t) + C (t) = 2
∑
s

|gs|2
cos (ωst)− 1

ω2
s

.

We need now calculate TrB [ρI (t)] . Then, let us use the following coherent-state expansion of the bath state:

ρB (0) =
∏
s

1

〈ns〉
1

π

ˆ
d2αs exp

(
−|αs|

2

〈ns〉

)
|αs〉 〈αs| ,

where

〈ns〉 =
1

exp (β~ωs)− 1
.

It immediately follows that

TrB

[
UI (t) |0〉 ρB (0) 〈0|U†I (t)

]
= |0〉 〈0| exp [C∗ (t)] exp [C (t)]

×
∏
s

exp
[
|gs|2 |fs (t)|2

]
= |0〉 〈0| exp [C∗ (t)] exp [C (t)]

× exp [−C∗ (t)− C (t)]

= |0〉 〈0|

and

TrB

[
UI (t) |1〉 ρB (0) 〈1|U†I (t)

]
= |1〉 〈1| ,
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as expected. We also calculate:

TrB

[
UI (t) |0〉 ρB (0) 〈1|U†I (t)

]
= |0〉 〈1| exp [C∗ (t)] exp [C (t)] TrB {exp [−B (t)]

× exp [A (t)] ρB (0) exp
[
−A† (t)

]
exp

[
B† (t)

]}
.

With some more algebra, we obtain

TrB

[
UI (t) |0〉 ρB (0) 〈1|U†I (t)

]
= |0〉 〈1| exp

[
4
∑
s

|gs|2
cos (ωst)− 1

ω2
s

]

×
∏
s

1

〈ns〉
1

π

ˆ
d2αs exp

(
−|αs|

2

〈ns〉

)
× exp [2gsfs (t)αs − 2g∗sf

∗
s (t)α

∗
s ] .

Calculating the integral �nally gives

TrB

[
UI (t) |0〉 ρB (0) 〈1|U†I (t)

]
= |0〉 〈1| exp

[
4
∑
s

|gs|2
cos (ωst)− 1

ω2
s

]

× exp

[
−4
∑
s

〈ns〉 |gs|2 |fs (t)|2
]

= |0〉 〈1| exp

[
4
∑
s

|gs|2
cos (ωst)− 1

ω2
s

]

× exp

[
−8
∑
s

〈ns〉 |gs|2
1− cos (ωst)

ω2
s

]
.

We now take the continuum limit using an ohmic spectral distribution:∑
s

|gs|2
cos (ωst)− 1

ω2
s

=

ˆ ∞
0

dω
∑
s

|gs|2 δ (ω − ωs)
cos (ωt)− 1

ω2

=

ˆ ∞
0

dω J (ω)
cos (ωt)− 1

ω2

=

ˆ ∞
0

dω ηω exp

(
− ω

ωc

)
cos (ωt)− 1

ω2

= η

ˆ ∞
0

dω exp

(
− ω

ωc

)
cos (ωt)− 1

ω

= −η
2
ln
(
1 + ω2

c t
2
)
.

where we have used

J (ω) ≡
∑
s

|gs|2 δ (ω − ωs)

and

J (ω) ≡ ηω exp

(
− ω

ωc

)
.

4



The reduced density operator of the qubit is, therefore, given by

TrB [ρI (t)] = |c0|2 |0〉 〈0|

+
c0c
∗
1 |0〉 〈1|

(1 + ω2
c t

2)
2η exp

[
8
∑
s

〈ns〉 |gs|2
cos (ωst)− 1

ω2
s

]

+
c∗0c1 |1〉 〈0|
(1 + ω2

c t
2)

2η exp

[
8
∑
s

〈ns〉 |gs|2
cos (ωst)− 1

ω2
s

]
+ |c1|2 |1〉 〈1| .

We see, therefore, that we need to calculate the quantity

I (t) ≡ 8
∑
s

〈ns〉 |gs|2
cos (ωst)− 1

ω2
s

= ln


∣∣∣(kBT~ωc

+ ikBT~ t
)
!
∣∣∣(

kBT
~ωc

)
!

8η

.

Let us de�ne the decoherence function by

h (t) ≡


∣∣∣(kBT~ωc

+ ikBT~ t
)
!
∣∣∣4

(1 + ω2
c t

2)
[(

kBT
~ωc

)
!
]4


2η

.

Thus, in terms of matrix notation, we can write the reduced qubit density matrix as

TrB [ρI (t)] =

(
|c0|2 c0c

∗
1h (t)

c∗0c1h (t) |c1|2
)
.

The reader is invited to provide the steps that have been omitted in the above calculations.
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