Back on tracks (continuagao)
Hence,
Trp{[Hr (), pr (0)]} = Trp{[H;(t),ps(0)ps(0)]

}
ps (0) Trp {[H (t), pB (0)]}
+Trp {[H1 (t),ps (0)] p5 (0)} .

Because of the our choice of pp (0) given above and because Hj (t) is linear in the boson operators, it follows that

Trp{[H; (t),pB (0)]} = O.

Notice that, since
pp(0) = Zpi |E3) (Eil,

it follows, for instance, that

Trp {H; (t) p5 (0)}

Trg {Hz (t)Zpi |E;) <Ei|}
= ZpiTrB {H; (t) |E;) (B4}
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for we are assuming that Hj (t) is linear in the creation and annihilation operators. Now we also have, for our previous
interaction Hamiltonian example,

[Hr (t),ps (0)] = |ho, (¢) Z [95bs exp (—iwst) + g2bl exp (iwst)] , ps (0)

S

[ho. (£) s ps (0)] 3 [gsbi exp (—icost) + g2b! exp (iwsb)]

S

and, again, because this commutator is linear in the creation and annihilation operators, we obtain
Trp{[H; (t),ps (0)] pp (0)} = 0.
Thus, the reduced density operator of the qubit evolves according to

G prs(t) = —f;m{ [ a [H1<t>,[H1<t/>,p1<t'>n}. 0



If we look at the integrand in Eq. (2),

Gos (O = =gz [T (U1 0. 11 (¢) . 0) pas ()]} @

we see that pp (0) is what appears in the Born approximation and not pg (t). Why? To answer this question, we are
going to use the projection formalism that I explain below very briefly. Let us define a super operator, P, defined by

PA = pPB (0) TI'B (A)

for any operator A. Let us also define the identity super operator, Z, as such that, for all operators A, gives:

Now we define the super operator Q thus:
Q = I-P.
We clearly see that, when acting on any operators, A, we have:

P2A = Plpp(0)Trp (A)]
= pp(0)Trp [ps (0) Trp (A)]
= pp(0)Trp (A) Trs [pp (0)]
= pp(0)Trp (4)
— PA,

since
Trplpp (0)] = 1
Hence, the super operator P is a projection, since P? = P. The same property is true for Q, namely,

Q’A = Q(I-P)A

= Q(IA-PA)
= Q(A-PA)
= QA-QPA

QA — (I -P)PA
QA — (IPA—P?4)
QA — (PA—PA)

= QA

Therefore, we now can write our density matrix operator as

pr(t) = (P+Q)pr(t)
Ppr (t) + Qpr ()
pB (0) prs () + Qpr (t) .



Thus,

So1(0) = pn(0) o1 0+ 5 0pr 1),
that is,
@) O] = = zpn ) Ten { [t 11y 0). 111 ()1 (D} + 500 1),

where here we recall Eq. (3),

SGorst) = —tn { [ (110,10 pr 0]},

which we have just used above, or yet,

1
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%QPI (t) = Hy (t),pr ()]

Using
pr(t') = pp(0)prs (') + Qpr (t)
in the integrand of Eq. (3), we obtain
d 1 .y , ,
Gois(®) = —Ta{ [ (110,150 pn 0 s (]}
1

e { [t o), 10 6. 00 0]}

We can formally find the solution of Eq. (4) in the form:

Qpi () = Qpr O+ [ at (7 () pr (1)

tl t”
+%Tr3 { /0 dt” /O dt” [Hy (t") , [Hy (t") , pr (t”’)]]}-

But then it becomes apparent that
Qpr (t') = Qpr(0)+0(N),

where X is the strength magnitude of the coupling constants between the qubit and the bath. However,

Qpr(0) = Qlps(0)ps(0)]

= ps(0)p5(0) — pp (0) Trp [ps (0) p5 (0)]
= ps(0)p5(0) = p5 (0) ps (0) Trp [p5 (0)]
= ps(0)p5(0) — ps(0) pp (0)

0.



Hence, updating our previous conclusion, we obtain
Qi (t') = ON).
Using this result into Eq. (5), we see that

Gors) = ~ggTrn { [ at 1)1 ) om0 s )]

_%m { /O g [H; (t),[H; (t),0 (A)]]}

— T { [ 1) [ () m 001 0]

+0 (X%).

Because we are not considering higher than the second order of XA in the master equation for the reduced density operator
describing the qubit, we take this as our master equation:

Sors(®) = v { [t (100,11 0) s (]}
From Eq. (6),
) = orln) g [ )0, ©
we derive that
o) = )+ [ ) @),
namely,
pr(t) = pr(0)+O
Thus,
Ppr(t') = Ppr(t)+0(N),
or yet,

pp (0)p1s (') = pp(0)p1s(t) +O(N).

In the second-order Born approximation, therefore, we take our master equation to be time local:

Lors ) =~ { /0 dt' [Hy (), [H; () ps (O)Pls(tm}- (7)



It might look like we are cheating somehow. However, had we not multiplied by pp (0) the Trp appearing in the definition
of P, we would not have a projection for all operators A. Remember this

P?A = Plpp (0)Trp (4)]
= pp(0)Trg [ps (0) Trp (A)]
= pp(0)Trp (A) Trp [ps (0)]
= pp(0)Trp(A)
= PA?
Hence, if we had used Ip instead of pp (0), we would have obtained P?A = Trp (A) and, unless A happened to be a
particular one, with Trp (4) = 1, we would have ended up without a projection super operator P. You could also argue

that we could have used pp (1) for some instant of time 7 and, true, we could. But then, by an argument analogous to
what we have given above, we could show that

pe (1) = pB(0)+O(})

and, again, we keep pp (0) and neglect the corrections of order A, thus taking into account only terms of up to second
order of \ in the master equation. Therefore, Eq. (7) is valid up to the second Born approximation.



