
Master equation approximation

The master equation we start with is not the Lindblad equation, for, although we make the Born approximation of second
order in the interaction coupling magnitude, we do not make the Markovian approximation. It is given, in the interaction
picture, by

d

dt
ρIS (t) = − 1

~2

ˆ t

0

dt′ TrB {[HI (t) , [HI (t
′) , ρB (0) ρIS (t)]]} , (1)

which, as we can promptly see, is time-local as a consequence that we are considering the dynamics up to second order
in the interaction, as stated above. Let us derive the master equation. We start from the Liouville equation for the
interaction-picture density matrix. The density matrix used is the one that describes the composite system comprising
the qubit together with the bath:

i~
d

dt
ρI (t) = [HI (t) , ρI (t)] .

The formal solution for this equation is given by

ρI (t2) = ρI (t1) +
1

i~

ˆ t2

t1

dt′ [HI (t
′) , ρI (t

′)] , (2)

given two arbitrary instants of time t1 and t2. Hence, it is also true that

ρI (t) = ρI (0) +
1

i~

ˆ t

0

dt′ [HI (t
′) , ρI (t

′)] . (3)

Using this in the right-hand side of the Liouville equation above, Eq. (1), we get

i~
d

dt
ρI (t) = [HI (t) , ρI (0)]

+
1

i~

[
HI (t) ,

ˆ t

0

dt′ [HI (t
′) , ρI (t

′)]

]
,

that is,

d

dt
ρI (t) =

1

i~
[HI (t) , ρI (0)]

− 1

~2

ˆ t

0

dt′ [HI (t) , [HI (t
′) , ρI (t

′)]] . (4)

Tracing this equation over the bath degrees of freedom gives

d

dt
ρIS (t) =

1

i~
TrB {[HI (t) , ρI (0)]}

− 1

~2
TrB

{ˆ t

0

dt′ [HI (t) , [HI (t
′) , ρI (t

′)]]

}
.

As an example, let us consider the following interaction Hamiltonian in the interaction picture:

HI (t) = ~σz (t)
∑
s

[
gsbs exp (−iωst) + g∗sb

†
s exp (iωst)

]
,
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which, as we see, is linear in the creation and annihilation operators. Starting from a factored state, namely,

ρI (0) = ρS (0) ρB (0) ,

where we assume that the boson bath is in a thermalized state, that is,

ρB (0) =
exp

(
−β~

∑
s ωsb

†
sbs
)

Z
,

β ≡ 1

kBT
,

and

Z ≡ TrB

[
exp

(
−β~

∑
s

ωsb
†
sbs

)]
.
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